Pattern Formation with Two Length Scales: Spatiotemporal Chaos
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Abstract. Three-wave interactions (or resonant triads) are the lowest-order nonlinear interaction in pattern
formation and arise between waves with different orientations when the sum of two wavevectors
equals a third one. When a pattern has only one length scale, stripe patterns are possible but three-
wave interactions are responsible for the prevalence of hexagons close to onset. In problems with
two length scales, there is a much wider range of possible three-wave interactions, leading to more
complex structures such as superhexagons, stars, quasipatterns and even spatiotemporal chaos. We
investigate the role that nonlinear wave interactions play in the formation of spatiotemporal chaos
in a model partial differential equation (PDE) in the case that the length scale ratio is v/7, relevant
to superlattice patterns in the Faraday wave experiment. The simpler aspects of the dynamics can
be represented by a system of ordinary differential equations (ODEs) derived from the PDE using
weakly nonlinear theory. We analyze the equilibrium patterns in these ODEs and evaluate their
stability, comparing the results with direct numerical simulations of the model PDE. The ODEs
predict parameter regimes where there are no stable simple equilibria, which is where we typically
find complex behavior in the PDE. We have conducted a careful study of the transition from
simple patterns (stripes and hexagons) to patterns that include modes beyond the finite-dimensional
subspace imposed in the reduction to the ODEs, to time-dependent competition between different
triads, ending up with fully developed spatiotemporal chaos. For our choice of length scale ratio,
we show that four-wave interactions also play an important role. Our analysis is relevant to any
pattern-forming system with three-wave interactions involving two length scales, such as the Faraday
wave experiment, coupled reaction—diffusion systems, and pattern formation in dryland vegetation.
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1. Introduction. Patterns often arise in non-equilibrium systems, an example of which is
Rayleigh—-Bénard convection, where a fluid is confined between two horizontal plates main-
tained at different temperatures. When the lower plate is the warmer, the fluid at the bottom
is less dense than the fluid at the top and convection may arise, creating convection rolls, which
appear as a horizontal pattern of stripes when viewed from above. Stripes are the simplest
patterns on the two-dimensional horizontal (z,y) plane, as they depend only on one spatial co-
ordinate (z) and they have only a single length-scale, the spacing from one stripe to the next.
This implies that their horizontal Fourier transform will be dominated by a single Fourier
mode €** (and its complex conjugate), with one wavevector (k,0) and its negative (—k, 0).

Other simple patterns, such as squares and hexagons, have also been observed in Rayleigh—
Bénard convection [1-3] and in other fluid experiments, such as the Faraday wave experiment.
Square and hexagon patterns contain two and three wavevectors respectively (and their neg-
atives), all with the same wavenumber. In the Faraday wave experiment [4,5], a container
with a thin layer of fluid is sinusoidally forced up and down, and if the forcing is strong
enough, patterns of standing waves form on the fluid surface, leading to stripes, squares and
hexagons [6-9].
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Figure 1: Schematic of three-wave interactions between wavevectors on two circles with ra-
dius 1 and g < % (outer and inner circles respectively). The wavevectors satisfy k1 + k2 = q1,
where |k1| = |k2| = 1 and |g1] = ¢. Two of the shorter waves are not long enough to add
up to one of the longer waves. The angle « is the acute angle between ki and ko, with
q = 2sin(a/2).

Later Faraday wave experiments introduced two-frequency forcing [10], which allows the
possibility of two (or more) length-scales in the emergent pattern, and so can lead to rhombus
patterns, superlattice patterns and quasipatterns [9,11,12]. These patterns are stabilized by
the nonlinear interaction between waves with the two length-scales [13-20], where by wave,
we mean a horizontal Fourier mode ¢”*® with a steady or time-dependent amplitude: these
waves are the basic ingredients in the theory of pattern formation [21]. Nonlinear three-wave
interactions (3WIs, also known as triadic interactions) play an important role: when two
waves with the same wavenumber have wavevectors that add up to a third wavevector with
a different wavenumber, as in Figure 1, the presence of the first two waves in a pattern can
influence the amplitude of the third. The stabilization of complex patterns occurs when the
nonlinear 3WIs act to reinforce the presence of all three waves in the pattern. In contrast,
when the 3WIs act so that the waves compete with each other, this can lead to time-dependent
patterns and possibly spatiotemporal chaos (STC) [17,22,23].

Three-wave interactions can be investigated by considering the ordinary differential equa-
tions (ODEs) that govern the evolution of the small-amplitude waves. The standing wave
amplitude equations for the Faraday wave experiment can be computed in principle from
the Navier-Stokes equations for free-surface fluid dynamics [24]. For the two length-scale
case, the ODE coefficients in these amplitude equations were derived in [17] starting from the
Zhang—Vinals equations [25,26], which are a set of quasi-potential equations modeling surface
waves.

In this paper we investigate in detail how the nonlinear interaction between waves with two
different wavenumbers can lead to STC. We consider the case where the smaller wavenumber
is less than half the larger (Figure 1) since, in this case, the 3WIs can only happen when two
of the larger wavenumber waves add up to one of the smaller, which avoids the complications
discussed in [22]. We primarily choose wavenumber ratio ¢ = 1/4/7 ~ 0.3780, as this leads to
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the simplest of the superlattice patterns and is an example that is readily found in Faraday
wave experiments [9,11,12,27,28]. We write the pattern arising from the three waves (triad)
in Figure 1 as

(1.1) w(z,y,t) = 21 (£)e*r® + 25 (t)e*2® 4wy (1)l + c.c.,

where u represents the pattern (e.g., height of the fluid surface), and z1(¢), z2(t) and wi (t)
are the complex, time-dependent amplitudes of the three waves, and c.c. denotes the com-
plex conjugates. The system of three complex ODEs for one triad can describe stripes and
rhombs [17]. When hexagonal 3WIs, defined as 3WIs between waves separated by 120° and
with the same wavenumber, are included, the equations are extended to nine complex ODEs
(six with one wavenumber and three with the other) [29]. This allows more complex structures
including hexagons, hexa-rolls [30] and superlattice patterns.

Porter and Silber [17] showed that the amplitude equations for a single triad had the
possibility of Hopf bifurcations, traveling waves, structurally stable heteroclinic cycles and
chaotic dynamics. The temporal chaos in the amplitude equations still represents spatially
ordered patterns, with only three wavevectors and their negatives. However, temporal chaos
within the three-mode ODEs and the availability of modes of all orientations in experiments
done in large domains led to the conjecture that this combination could lead to spatiotemporal
chaos [22]. Having modes of all orientations allows for competing triads, by which we mean two
triads that each have two k = 1 modes and one k = ¢ mode, with one k£ = 1 mode in common.
This enables modes outside of those originally considered to play a role in the dynamics.
The quadratic terms in the three-mode ODEs play an important role in the existence of time
dependence: in particular, the coefficients of the quadratic terms must have different signs for
Hopf bifurcations and chaotic dynamics to be possible [17].

Here, we test the hypothesis of [22], and show that in fact the situation is more subtle
than the original conjecture, though having time-dependent competition between modes with
k = 1 and modes with k = ¢ still plays a central role in the development of spatiotemporal
chaos. We use an extension of the partial differential equation (PDE) model introduced
n [22] (based on an earlier model from [31]). The model has easily controllable growth
rates at two wavenumbers, and we include here a wider range of nonlinear terms. We use
weakly nonlinear theory to establish the relationship between the PDE parameters and the
coefficients in complex amplitude equations for nine waves, six with wavenumber k = 1 and
three with wavenumber k£ = q. We compute eigenvalues of the Jacobian matrix to determine
the stability of simple patterns in the amplitude equations and so to predict pattern selection
within the PDE. The presence of Hopf bifurcations in the amplitude equations indicates where
time-dependent dynamics arise in the ODEs and guides our search for STC in the PDE. We
find good agreement between regions in the ODE parameter space where there are Hopf
bifurcations and no stable simple equilibria, and regions in the PDE parameter space where
there is STC.

The exact form of the nine complex amplitude equations (truncated at cubic order) de-
pends on the wavenumber ratio. The terms in the equations that are present for all wavenum-
ber ratios are called generic by [29] but, for ¢ = 1/4/7, there are four-wave interactions
(4WIs) that lead to additional non-generic cubic terms. The additional cubic terms introduce
the possibility of further Hopf bifurcations and greatly extend the region in parameter space
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where we find time dependence in the ODEs and STC in the PDE. To the best of our knowl-
edge, no example of STC has previously been reported in this model PDE when the ratio of
wavenumbers is less than %

Spatiotemporal chaos occurs, at least potentially, in other pattern formation problems
with two length scales, including the Faraday wave experiment [8] and two-layer reaction—
diffusion systems [23,32,33]. We anticipate that the link between STC and time dependence
in the underlying amplitude equations that we have found for our particular model PDE will
extend to PDEs for these other cases, and indeed to other two length scale problems such as
vegetation pattern formation [34].

The paper is organized as follows. We introduce the idea of 3WIs with two critical
wavenumbers in section 2. We consider the ODE systems of amplitude equations govern-
ing 3WIs for the cases of a single triad (three complex ODEs), as well as the nine complex
ODEs that combine both rhombic and hexagonal 3WIs. The general form of the ODEs differ
in the case ¢ # 1/4/7, where only 3WIs are present in the cubic truncation, and ¢ = 1/4/7,
where 4WIs lead to additional cubic terms. We also give some of the conditions for Hopf
bifurcations in both cases. In section 3 we present a model PDE with two linearly unstable
wavenumbers, an extension of the one investigated by [22,29], analyzing the linear and weakly
nonlinear behavior. The full derivation of the weakly nonlinear approximation can be found
in Appendix A. Section 4 introduces the criteria we use to classify steady and time-dependent
patterns in the PDE, with further details in Appendix B. In section 5, we present three sets
of numerical results, investigating the roles of the 3WI Hopf and 4WI Hopf bifurcations on
the generation of STC. We make direct comparisons between the ODE predictions and the
fully nonlinear PDE behavior. Where the ODEs predict a parameter region with stable pat-
terns, we find that the PDE has the same stable patterns for similar parameter values. Where
the ODEs predict a parameter region with no stable simple patterns, we find that the PDE
has time-dependent solutions, sometimes involving the same nine modes as in the amplitude
equations, but sometimes involving a wider range of modes, including the possibility of full
spatiotemporal chaos and intermittent chaos. We test the hypothesis of [22] most closely in
section 6, where we show, for parameters close to a Hopf bifurcation, how the transition to
chaos occurs due to the growth of modes driven by 3Wls, going beyond the nine modes. A
summary of our findings and ideas for future work are in section 7.

This paper is closely connected to [29], which discusses in more detail the relation between
the value of the wavenumber ratio and the selection of which Fourier modes to include in the
weakly nonlinear theory, discusses various two-wavenumber PDE models, including the one
used here, and addresses the challenge of finding all of the equilibria of the nine complex cubic
amplitude equations and their stability.

2. Amplitude Equations. We consider pattern forming systems of the form

ou
(2.1) — = Lu+ N(u),

ot
where u(z,y,t) represents the pattern, £ is a linear partial differential operator on w and
N (u) denotes the nonlinear terms. We consider a dispersion relation for a growth rate o as a
function of a wavenumber k, so Le?** = o(k)ei**. Since we are interested in the competition
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Figure 2: Growth rate o as a function of the wavenumber k. There are maxima at wavenum-
bers k = ¢ and k = 1 with corresponding growth rates v and p respectively. The growth rate
at k =0 is og.
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Figure 3: Schematic of nonlinear interactions between wavevectors on two critical circles
with radius 1 and ¢ < 1 (outer and inner circles respectively). (a) The wavevectors satisfy
k1i+k2 = g1. (b) and (c) show the hexagonal 3WIs on the outer and inner circles respectively.

(d) Four-wave interactions satisfying k1 = g2 — 2qs for ¢ = 1/4/7.

between two length scales, we want our dispersion relation to have maxima at two critical
wavenumbers. Without loss of generality, we assume these wavenumbers tobe k = 1 and k = ¢
where 0 < ¢ < 1, as shown in Figure 2. The resulting nonlinearly interacting wavevectors thus
satisfy the relation g1 = k1 + k2, as shown in Figure 3a, where |k1| = |k2| = 1 and |q1| = ¢q.

We are interested in the patterns formed as a result of 3WIs between waves with these
two wavenumbers. Close to onset, the pattern forming field u(x,y,t) is given by

(2.2) u(z,y,t) = Z zj(t)ei® 4 ij(t)eiqj'w + c.c.,

J J
where z; and w; are complex time-dependent amplitudes, x = (z,y), |k;j| = 1 and |q;| = q.
The sums are taken over the number of modes that we choose to include. Considering only
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one triad, u takes the form of (1.1), the first sum in (2.2) has two terms and the second
one term. The nonlinear interactions within this triad may be summarized by a system of
ODEs governing the evolution of each amplitude. This system is invariant under the following
transformations:

(2.3a) K (21,22, w1) — (22,21, w1),
(2.3b) Ty : (21,22, w1) — (21697, 20" w1 /P H92)) = (1, ), ¢, 2 € [0,27),

(23C) R180 : (217227w1) - (21722711_)1))

which are a reflection, a translation and the 180° rotation respectively. These symmetries are
used to construct the amplitude equations, which are defined (up to cubic order) as

(2.4&) 21 = pz1 + QruZowi + 21 (A|Zl|2 + Ba‘22|2 + Cgo_a/2|w1|2) ,
(2.4b) Zo = W29 + Q. wZ1w1 + 22 (Ba|z1\2 + A‘22|2 + Cgo_a/2]w1]2) ,
(2.4c) w1 = vwy + Q2122 + w1 (Ego,a/2|z1|2 + Ego,a/2|ZQ|2 + D\w1|2) ,

where p and v are the growth rates corresponding to wavenumbers 1 and q respectively, Q..
and @), are quadratic coefficients, and A, Ba, Cog_n/2, D and Egg_, /o are cubic coefficients.
These coefficients are all real due to the 180° rotation symmetry and can be computed from
the PDE using weakly nonlinear theory. The subscripts of the cubic coefficients correspond to
the (acute) angle between pairs of modes. For example, the modes for z; and z9 are separated
by an angle of « (see Figure 3a), where « is selected by the ratio of the critical wavenumbers:
a =2sin7! %q. For our choice of ¢ = 1/4/7, a ~ 22°. The reflection symmetry x allows for the
z1 and z9 amplitudes to be interchanged, resulting in the same coefficients in (2.4a) and (2.4b).
Since the amplitudes are complex, these equations are complemented with equations for the
complex conjugates, bringing the total dimension of the system to six. We note that the
working dimension of the system can be reduced to four via the introduction of an invariant
phase [17] but that this should be done with care: this phase becomes undefined when any of
the amplitudes vanish.

The amplitude equations (2.4a)—(2.4c) have been analyzed in depth by Porter and Sil-
ber [17], who observed that simple patterns such as z-stripes (z1 # 0, z2 = w; = 0), w-stripes
(21 = z2 = 0, wy # 0; Figure 4a) and rhombs (]z1| = |z2| # 0, wy # 0; Figure 4b) dominate.
Multiple examples of time-periodic solutions were also found, which bifurcate off the equilib-
rium branches via Hopf bifurcations in addition to heteroclinic cycles between two w-stripe
solutions separated by a phase shift of . Porter and Silber also documented an example of a
chaotic attractor.

Quadratic terms are only present when we have 3WIs, and the sign of the product of
their coefficients, Q,.Q .., heavily influences the possible states this system exhibits [17,22].
When Q..Q.., > 0, the subspace (21, z2,w;) € R? is attracting [35], there is no persistent time
dependence, and there are no Hopf bifurcations [17]. On the other hand, when Q..Q.., < 0,
time-dependent solutions are possible as a consequence of Hopf bifurcations. For example,
z-stripes and rhombs can both undergo Hopf bifurcations when Q,.Q.., < 0 [17,36].

Triadic interactions can also form between three waves separated by 120°, each with the
same wavenumber, as seen in Figure 3b and Figure 3c. The amplitude equations governing
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Figure 4: Examples of simple patterns governed by 3WIs: (a) w-stripes, (b) rhombs, (c) z-
hexagons, (d) superhexagons.

this type of 3WI are

(2.5a) 2 = p21 + QuneaZsZs + 21 (Alz1|* + Beolzs|® + Beol2s|?)
(2.5Db) z3 = 23 + QhexZ1%5 + 23 (B60|21|2 + A|Z3|2 + B60|Z5|2) ,
(2.5¢) i5 = 125 + Quneaz1Z3 + 25 (Beolz1|* + Beolzs|* + Alzs|?) |

where Q,pe, is the coefficient of the quadratic term arising from the hexagonal 3WI, A is
the self-interaction coefficient and Bgg is the coefficient for cubic coupling between modes
separated by 60°. This system respects the symmetry group Dg x T2 [21], which acts on the
amplitudes as

(2.6a)  Kper : (21,23, 25) — (23, 21, 25),
(26b) T¢ : (Zla 23, 25) - (Zlei¢17 2367;(1)3’ Z5e_i(¢1+¢3))a ¢ = (¢15 ¢3)7 ¢17 ¢3 € [07 27T)7
(2.6C) R : (2’1, z3, 2’5) — (23, Z5, 21),

where we have defined the 60° rotational symmetry Rgg in the anticlockwise direction. Due
to this rotation symmetry, only one quadratic coefficient appears in the system (2.5a)—(2.5¢).
All coefficients of the system are real due to the symmetry Rigg = (Rgo)?.

Like for the rhombic triad case (2.4a)—(2.4c), stripes solutions have only one non-zero am-
plitude in (2.5a)—(2.5¢), and hexagons have three amplitudes equal in magnitude (Figure 4c).
Since the system only has one quadratic coefficient, Q),pes, no persistent time-dependent dy-
namics are possible.

Expanding on these ideas, we consider waves influenced by both rhombic and hexagonal
triadic interactions. This results in having six wavevectors (and their negatives) on one circle
and three on the other [29], combining Figures 3a to 3c. We refer to patterns involving all
of these waves as superlattice patterns; one example can be seen in Figure 4d. The nine
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wavevectors are defined by the relations

(2.7a) q1 = k1 + k2, q2 = k3 + k4, qs = ks + ke,
(2.7b) q1 +q2 +q3 =0, k1 + ks + ks =0, ko + kg + kg =0,

where the first row shows the rhombic relations, and the second the hexagonal relations.

The 3WIs in (2.7a) and (2.7b) do not require that the resulting pattern be periodic [29,30].
However, restricting the value of ¢ can ensure that all of the wavevectors lie exactly on a
hexagonal lattice [30,37,38]. To do this, we write the wavevectors on the k = 1 circle as linear
combinations of two hexagonal basis vectors s; and s, where s1 points in the positive k,
direction and s is angled 120° (anticlockwise) from s; [37]:

k1 =—(a—b)s1 — asa, ko = bsy + asa,
(28) ks = —bs1 + (CL — b)Sz, ky = (CL — b)Sl — bso,
ks = asq + bsa, ke = —as1 — (CL — b)Sz,

for (a,b) € Z?%, with @ > b > a/2 > 0, a and b co-prime and a + b not a multiple of three. To
ensure the length of these vectors is 1, we set

1 1 1 43
9.9 S1————~ (1.0) and sg—— (= M),
(2.9) Sy A 2 \/az—ab+b2< 2 2)

As explained by [29] there are two choices for our wavevectors on the k = ¢ circle:

q1 = k1 + k2 . 2b—a
2.10 th =
(2.10) = (2b—a)sy, . va? —ab + b?
(2.11) @1 =K1 ks with ¢ = V3 (a—b)

= (b—a)(2s1 + s2), VaZ —ab+ b2

The two cases are equivalent after relabeling, if required. The wavevectors g2 and g3 are
also linear combinations of s; and sz and can be expressed similarly. The smallest pair
(a,b) = (3,2) corresponds to ¢ = 1/4/7, computed using (2.10). If the PDE is solved on the
periodic domain associated with this hexagonal lattice, or if this periodicity appears in a PDE
solution in a larger domain, its small-amplitude dynamics will be described by the amplitudes
of the eighteen modes with wavevectors k1, ..., q3 and their negatives. We refer to this as
the eighteen-mode subspace of the problem.

Four wave (and higher) interactions occur when a larger combination of the eighteen
wavevectors adds up to zero. We refer to the number of waves involved as the order of the
interaction, and interactions of a given order lead to terms of total degree one less than the
order in the amplitude equations (3WIs lead to quadratic terms, etc.). Some higher-order
interactions are implied by (2.7a) and (2.7b) (for example g1 = k1 — k4 — ke¢). These generic
interactions do not require a hexagonal lattice. Other non-generic interactions only appear
when all eighteen wavevectors lie exactly on a hexagonal lattice, using (2.8). For example, in
the case of ¢ = 1/4/7 (determined from (2.10)) we have k; = g2 — 2q3 (Figure 3d), which is
a four-wave interaction (4WI).
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In general, considering all possible combinations of three different wavevectors, the lowest
order non-generic interactions are, for any (a,b) pair,

(2.12) (2b —a)k1 = (a — b)g2 — bgs for ¢ given by (2.10),  order = 2b,
(2.13) (a —b)k1 = (a — b)ke + bgs for ¢ given by (2.11),  order = 2a — b,

where the order is determined by computing the absolute sum of the coefficients of the wavevec-
tors. The lowest order of these interactions occurs for (a,b) = (3,2) (¢ = 1/4/7); this is the
only value of ¢ resulting in non-generic 4WIs between the eighteen wavevectors.

Expanding (2.4a)—(2.4c) to include both the rhombic and hexagonal interactions, we ob-
tain amplitude equations for (21,..., 2, w1, wa, w3) € C°. Two of these equations, truncated
at cubic order, are

dzl _ —
g =uz1 + szZQQUl + thexZSZ5
2 2 2 2 2
+21 (A|Zl\ + Balzo|” + Beol|z3]” + Beo—alza|” + Beolzs|
(2.14a)
+ Bgotalze|” + CQO—a/2|w1|2 + C30+a/2|w2|2 + C30—a/2|w3|2)
+ Kqzazegwr + KoZowows + K3zaZswe + K4Z3z6W3
+ Kowwz4aWiwe + waw2w;2s7
dw1 .
E =rvwi + szZIZZ + Qwhexw2w3
+ wy (1*790—04/2|21|2 + Ego_qol22|? + E3o—qol23? + Esoraolzal?
(2.14b) + Es04a2025% + B3o_ay2|z6]” + Dlwi|? + Feolws|? + F60|w3|2>

4 Lper202325 + Lpeg21Z4Z6¢ + L1Z3Z4W3 + L1Z5Z¢Wo
+ Ly Z124w9 + LyysrZozsws + Ly 230 1W3 + L. ZeW1 W2

2 2
+ Ly,zaw3 + Ly,z5w3,

where the red terms (final line of (2.14a) and final two lines of (2.14b)) arise from the 4WIs.
These terms are only present when ¢ = 1/4/7: other values of ¢ produce higher order non-
generic interactions, leading to red terms that do not appear in the amplitude equations
truncated at cubic order. As before, the subscripts of B, C, E and F denote the angle
between wavevectors: for ¢ = 1/4/7, o ~ 22°.

The remaining amplitude equations can be written similarly, by using the following trans-
formations:

(2.15a) Ki(21,. .., 26, w1, W, w3) — (22,21, 26, 25, 24, 23, W1, W3, W),

(2.15Db) Reo (21, ..., 26, w1, wa, w3) — (Z3,7Z4, Z5, Z6, 21, 22, W2, W3, W1 )-
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Name Number of Peaks ‘ (21, 22, 23, 24, 25, 26, W1, W2, W3) ‘ Figure 5 ‘
Z-stripes PL=2 P =0 (2,0,0,0,0,0,0,0,0), z€ R -
w-stripes P =0,P,=2 (0,0,0,0,0,0,w,0,0), weR (a)

2-hexagons P =6,P,=0 (2,0,2,0,2,0,0,0,0), ze R (b)
w-hexagons P =0,P,=6 (0,0,0,0,0,0, w, w,w), weR (c)
rhombs P =4, P, =2 (21,22,0,0,0,0,w1,0,0), 21,22, w1 €R (d)
superhexagons | P =12, P, =6 (z,2,2,2,2,z,w,w,w), z,weR (e)
stars P =12, P, =6 (21, 29, 21, 29, 21, 22, W1, W1, W1 ), (f)

21,22, w1 € R

Table 1: Definitions of simple equilibrium patterns. The pattern w-hexagons include
off-critical w-hexagons, and stars are equivalent to asymmetric superhexagons, and have
sign(z1) # sign(ze). We define Py (FP,) as the number of peaks in the k = 1 (k = ¢) an-
nulus in its Fourier spectrum: for details, see section 4.

A translation symmetry similar to (2.3b) can also be derived:

Ty :(21,...,w3) — (ze'l(atb)drmads) o pilbdrtads) o pi(—bort(a—b)dz)

1@ D002 0 +b2) . il—agi—(a—b)p2)
(2.15¢) A o ’ , '
wlez(—a+2b)¢1 , w2ez((a—2b)¢1+(a—2b)¢2)’ W3€Z(2b_a)¢2),

¢ = (¢1,92), ¢1,¢2 € [0,27).

The full system of equations is displayed in Appendix A.

This system of ODEs can produce a large number of equilibria; however, only the simplest
of these are typically stable [29]. In our model PDE (section 3), we are interested in compar-
ing the stability regions of patterns, computed both using the ODE amplitude equations and
found as PDE solutions. Therefore, for our ODE analysis we will focus only on the simple
equilibrium patterns that we have found as stable solutions in the PDE. These patterns are:
stripes, hexagons, rhombs, superhexagons and asymmetric superhexagons (see Figure 4 and
Figure 5 below). We perform a linear stability analysis on (2.14a)—(2.14b) (and the additional
associated amplitude equations) for this selection of simple equilibria by computing the 18 x 18
Jacobian matrix and determining its eigenvalues numerically. For stripes and hexagons, we
repeat this for both wavelengths £ = 1 and k = ¢, since different wavenumbers have dif-
ferent stability criteria. When discussing these patterns, we differentiate between these two
wavenumber cases by using a prefix of either z- or w- before the type of pattern. The rhom-
bic solutions have three non-zero amplitudes: two equal z-amplitudes and the corresponding
w-amplitude generated from the sum of the first two wavevectors. Superhexagons have all z-
amplitudes equal and all w-amplitudes equal. The final pattern is asymmetric superhexagons,
which bifurcate off the superhexagon branch, breaking the 60° rotational symmetry and re-
sulting in z; # 29 where z; and zo are the amplitudes of each hexagonal sub-lattice on the
k = 1 circle. A summary of the simple patterns we are considering and the number of non-zero
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amplitudes is given in Table 1. Examples of each of these patterns found in the model PDE
introduced below, and their Fourier spectra, are shown in Figure 5.

We use the visual appearance of the patterns to guide nomenclature. For example, the
w-hexagons in Figure 5¢ have small but non-zero z amplitudes, so they are technically super-
hexagons, but we will refer to them as w-hexagons nonetheless. Asymmetric superhexagons
have a different appearance depending on the relative signs of z; and zy (assuming real am-
plitudes) [29]. When z; and z3 have the same sign, asymmetric superhexagons interpolate
between symmetric superhexagons and z-hexagons. On the other hand, when z; and 2o have
opposite sign, as in Figure 5f, asymmetric superhexagons look like “stars”. We only found
asymmetric superhexagons to be stable in this second case, so we refer to these solutions as
stars throughout the paper.

We also find PDE solutions that are generated by six equal-amplitude modes close to (but
not on) the k = ¢ circle, without any modes on the k = 1 circle. We refer to these as “off-
critical w-hexagons”, and they are found when v > 0, when there is a small band of unstable
wavenumbers close to k = q. We therefore distinguish between superhexagons, with six equal
non-zero z amplitudes and three equal non-zero w amplitudes, and off-critical w-hexagons,
with three equal non-zero w amplitudes and the z amplitudes equal to zero. These are present
as distinct equilibria in the amplitude equations truncated at cubic order, provided the red
terms in (2.14a)—(2.14b) are absent (i.e., ¢ # 1/4/7): it is the Ky, term from the 4WIs in
the z-amplitude equations that forces w-hexagons to have non-zero z-amplitudes. We include
off-critical w-hexagons in the ¢ = 1/4/7 case (and drop the words “off-critical”) by setting
the red terms to zero, without changing the values of the other coefficients since these do not
change much with a slightly different wavenumber.

A discussion of the full range of equilibrium solutions of the amplitude equations is in [29],
but most of these are unstable, so we compute only the amplitudes of the simple patterns,
using the information in Table 1 to write cubic polynomials for the z and w amplitudes.
Stripes and hexagons are straightforward, and rhombs involve solving a single cubic polynomial
numerically. Superhexagons and stars involve solving two and three (respectively) coupled
cubic polynomials. We use Paramotopy [39], an extension of the software Bertini [40], to solve
these coupled polynomials. The solutions are then substituted into the Jacobian to determine
their stability.

As described in section 1, we hope to find spatiotemporal chaos in the PDE when the
ODE amplitude equations have Hopf bifurcations leading to time dependence and no stable
simple equilibria. Hopf bifurcations from z-stripes are found in (2.4a)—(2.4c) provided that
Q::Qzy < 0 [17]. In the nine complex amplitude equations (2.14a) and (2.14b), w-stripe
equilibria can undergo a Hopf bifurcation independent of the sign of Q,.Q,, provided that
q = 1/vT7and KLy, < 0[29], so this w-stripe Hopf bifurcation is a consequence of the 4WTs.
Other Hopf bifurcations are possible: for example, superhexagons and stars can undergo Hopf
bifurcations but as we have not found a simple bifurcation criterion, we cannot rule these
Hopf bifurcations out when Q,.Q,, > 0 and KLy, > 0. Nonetheless, in our numerical
results we only find evidence of time dependent dynamics when at least one of the quantities
Q.2 Q2w or Kyl is negative.
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Figure 5: Solutions of the PDE (3.1) showing examples of simple equilibrium patterns and their
Fourier spectra (omitting z-stripes). We show a 15 x 15 section of each solution computed
in an approximately 42 x 42 domain. (a,b,c,f) are for ¢ = 1/v/7, 09 = =2, Q1 = —0.9,
Q2 = —2.75, Q3 = —3.5, C1 = —2.75, Cy = —=7.75 and C3 = —16.5. (d) has @1 = —0.7 with
all other values the same. The values used in (e) are Q1 = —1.24, Q2 = —2, Q3 = —0.8,
C1 = —1, Cy = =5 and C3 = —15 with the same values of ¢ and og. The values of y and
v are given in terms of (r,x), where (u,v) = (rcosy,rsiny): (a) (0.5,106°), (b) (0.3,74°),
(c) (0.325,102°), (d) (0.45,110°), (e) (0.025,115°) and (f) (0.025,175°).
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3. Model PDE and Weakly Nonlinear Analysis. We consider the following PDE:

(3.1) % = Lu+ Q1u® + QauV?u + Q3| Vul? + C1u® + Cou’V3u + Cau|Vul?,

where the linear operator L is defined below in terms of the relationship between the wavenum-
ber k and the linear growth rate o:

IS e
where

(320 AK) = (2 (¢ =3) = 2 +4) (6~ )"
(3-2¢) B(k) = (K (3¢> — 1) +2¢% — 4¢*) (1 - k*)*.

The linear operator £ is obtained from (3.2a) by replacing k? with —V2. This is the same
linear operator considered by [22,29]. Expression (3.2a) is similar to the expression for the
linear growth rate found in the Swift-Hohenberg [41] and the Lifshitz—Petrich [31] equations.
The Lifshitz—Petrich operator was extended by [22] to allow for the growth rates of the critical
wavenumbers to be controlled independently. We have set (1) = p and o(q) = v so that our
modes have the same growth rates as in the ODE systems (2.4a)—(2.4c) and (2.14a)—(2.14b).
We are free to control o, which is the growth rate of the & = 0 mode. Making oy more negative
narrows the band of unstable wavenumbers, reducing the influence of off-critical wavenumbers
contributing to the solution, which is helpful to eliminate defects. Figure 2 shows a typical
example of (k).

Nonlinearity in (3.1) has been retained up to cubic order as higher order terms do not
contribute to our truncated ODE system (2.14a)—(2.14b). We only include terms that preserve
the E(2) (Euclidean group) symmetries of the plane: translation, rotation and reflection,
restricting to terms with spatial derivatives no larger than second order. The terms uV?u,
|Vul?, u?V2u and u|Vu|? represent an extension to the Lifshitz—Petrich equation: they break
the variational structure of the PDE when Q5 # 2Q3 or Cy # C3, which allows time-dependent
solutions. The terms u?V2u and u|Vu|? extend the model investigated by [22].

We proceed with a weakly nonlinear analysis about the base state u = 0, and calculate the
coefficients in (2.14a)—(2.14b) as functions of the PDE parameters (3.1). The details of the
derivation and the full list of expressions of the ODE coefficients can be found in Appendix A.
The expressions for the coefficients relevant to the Hopf bifurcations from z-stripes and (only
in the case ¢ = 1/4/7) w-stripes are

(333) sz = 2Q1 - QZ (1 + q2) + q2Q3,
(3.3b) Q.. =2Q1 —2Q2+ Q3 (2—¢%),

oo —22148Q7% + 9940Q1Q2 + 6328Q1Q3 — 968Q3 — 1258Q2Q3 — 371Q3
ww
(330) 51840’0

3 2
3C) — 2Cy — 2C
+ 1 7 2 7 3
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I —22148Q7 + 19432Q1Q2 — 12656Q1Q3 — 3296Q3 + 3500Q2Q3 — 575Q3
wz —

9 4
+3C — ?CQ + ?CJ

The quadratic coefficients, ()., and @.,, are independent of the cubic PDE parameters,
whereas K, and L,,, depend on both the quadratic and cubic PDE parameters. The two
coefficients K, and L., only appear when ¢ = 1/4/7 and so are colored red.

Weakly nonlinear analysis requires the solution u to be small, which in turn usually requires
the quadratic coefficients in the PDE to be small. However, the spatiotemporal chaos we seek
relies on three-wave interactions, and so requires significant quadratic coefficients. We let the
coefficients @1, Q2 and Q3 be order one, and include their contributions to the cubic ODE
coefficients, allowing the solution u also to be order one. Nonetheless, we show below that the
weakly nonlinear theory is a good predictor of the behavior of the PDE.

4. Pattern Classification. We perform numerical simulations for a grid of (u,r) param-
eters and identify the solution type using the classification method described below (with
more detail in Appendix B). The classification of each pattern is based on examining both its
Fourier power spectrum and the size and spatial distribution of its time derivative.

Examples of the Fourier power spectra are shown in Figure 5 and Figure 6 (third column).
In Figure 5b (z-hexagons), there are six sharp peaks in the Fourier spectrum on the circle
k =1, and in Figure 5d (rhombs), there are four sharp peaks on the circle £ = 1 and two on
the circle k = ¢. In the figures, we use larger and darker markers to represent larger Fourier
amplitudes. Typically, our simulations return patterns with markers clustered around the two
circles k = 1 and k = ¢q. The Fourier peaks are sharp for pure patterns, as in Figure 5, but are
more spread out if there are defects in the pattern or spatiotemporal chaos, as in Figure 6.

Our automated method of identifying patterns relies on counting peaks in the Fourier
spectrum close to the two circles. We consider narrow annuli around each circle, which allows
us to classify patterns with critical and slightly off-critical wavenumbers. We discretize the
annuli into 5° segments and compute the maximum amplitude of the modes with wavevectors
in each segment. The maximum amplitude of a segment is classified as a peak if it is larger than
the maximum amplitudes of the four neighboring segments (two on each side) and larger than
a given threshold. The first condition helps classify patterns with defects, and the threshold
helps distinguish off-critical w-hexagons from superhexagons. We set the threshold to be one
third of the largest amplitude across both circles. We denote by P; (resp. P,) the number
of peaks contained in the annulus around the circle £ = 1 (resp. k = ¢). Table 1 gives the
values we use for P; and P, for each pattern. Appendix B gives further details about the
classification of patterns with defects and spatiotemporal chaos: patterns with defects, as well
as solutions having patches of patterns with different orientations, have fuzzy peaks in their
Fourier spectra, as in Figure 6d, and spatiotemporal chaos is characterized by having persistent
time dependence and both annuli in the Fourier spectrum being filled, as in Figure 6a.

We characterize each solution also by its time derivative du/dt and the spatial distribution
of du/dt. In terms of just the time dependence, solutions can be equilibria, slowly varying or
fast varying. The time derivative can be concentrated only in one place or can be more spread
out across the domain. To distinguish between these possibilities, we introduce the following
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Figure 6: A collection of patterned states (a)—(d) and their classification criteria for differ-
ent values of p and v, which are given in terms of (r,x), where (u,v) = (rcosy,rsiny).
(a) (0.4,70°), (b) (0.3,75°), (c) (0.5,90°) and (d) (0.5,140°). The other PDE parameters
are Ql = —1.06, QQ = —2, Qg = —0.8, Cl = —1.4, CQ = —5, 03 = —15, gy = —2 and
q = 1/4/7. The first column shows the solution wu(zx,y,t) at the final computed time and
the second column shows du/dt at the final time. The third column shows the final Fourier
power spectrum. The annuli around k£ = 1 and k = ¢ are filled in (a) and contain fuzzy
peaks in (b). The final column shows the quantities C; (time dependence), Cy (time derivative
variation) and C3 (spatial change) for each of the patterned states (a)—(d) in blue, red, green
and magenta. The colored dashed lines show the average values of Co and Cs. The black
dotted lines show the classification thresholds, given in Appendix B. The average value of Co
for (d) is approximately 10~® so is not seen in the figure. The classifications are: (a) STC:
fast-time dependence, large time variations and large spatial change with both annuli filled;
(b) TC: fast-time dependence, large time variations and small spatial change without filled
annuli; (c) fast w-stripes: fast-time dependence, small time variations and no spatial change;
and (d) slow w-hexagons: slow-time dependence, small time variations and no spatial change.

three metrics.
The first metric, C(t), is the maximum of |0u/dt| over the domain scaled to the maximum
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of |u| over the domain:

(4.1) Cf) = — 1 max au(xatyt)

max |u(z,y,t)| (z.y)
(z,y

)

where du/ot is computed using finite differences. The value C =0 (tfinal), where tgpa is the
final computed time, is used to determine if we have an equilibrium, a slowly varying (see
Figure 6d) or a fast varying (see Figure 6a,b.c) solution.

We also use the rate of change of C;(t) to define a second metric:

(4.2) Colt) = Ait|c1 (t+ At — Ci(8)],

where At is the time step used in our computations. We average C2(t) over the final 80% of
the simulation to reduce the effect of transients, and collect the resulting quantity, Co. The
metric Cy identifies patterns with persistent significant time dependence (see Figure 6a,b).

Finally, we use a metric C3 to distinguish between patterns where the evolution is focused
in one place (for example, at a slowly moving defect) and patterns where the evolution is
spread across the whole domain. This metric is similar to C; but uses an average instead of a
maximum:

1

max |u(z,y,t)]
(z,y

avg
(z,y)

(4.3) Cs(t) =

ou(x,y,t)
ot ’

taking the scaled spatial average of the time derivative. As with C2, we then compute the
time average C3, disregarding the first 20% of values. We found that the averaging method
used in (4.3) is more robust than the root mean square and the mean average deviation, in
particular in the presence of outliers, where the pattern remains steady except for a small
number of defects (see Figure 6¢). And, as with Cy, we have two thresholds, which separate
patterns with no spatial change (Figure 6¢,d), patterns with small spatial change (Figure 6b),
and patterns with large spatial change (Figure 6a). We also found this approach preferable
to using a correlation length argument [42], since our method allows for both spatiotemporal
chaos (STC, Figure 6a) and temporal chaos (TC, Figure 6b) to be classified in the same way.

5. Numerical Results. To solve our PDE (3.1) numerically, we use the fourth-order
Runge-Kutta exponential time differencing method (ETD4RK) introduced by [43], which
solves the linear part of the PDE to machine precision. The stiffness induced by 8th order
spatial derivatives [44] is handled satisfactorily by the method. The nonlinear terms are ap-
proximated using a 4th-order Runge-Kutta method; we restrict these terms to second order
spatial derivatives to avoid stiffness issues. To avoid cancellation errors when |o(k)At| < 0.1,
we use the 5-term Taylor series approximant instead of the true ETD4RK coefficients for
wavenumber k [45].

For our simulations we use a periodic domain of 16 x 28/4/3 ~ 16 x 16.17 repetitions of
the longer wavelength (k = ¢) pattern, which is approximately 42.33 x 42.77 of the shorter
wavelength (k = 1) pattern when ¢ = 1/4/7. The domain is chosen so that waves with all of the
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wavevectors in (2.8) and (2.10) fit exactly and is approximately square. The domain is large
enough that the density of modes allows many interacting triads, potentially leading to more
complex dynamics. We use the SciPy [46] fast Fourier transform (FFT) over 384 x 384 Fourier
modes, which is about 9 grid points per short wavelength. At each time-step we remove the
contributions from modes with physical wavenumber larger than 3.5 for de-aliasing, although
we found these modes to be insignificant.

We discretize our parameter space of linear growth rates p and v into a circular grid to
allow for a greater density of parameter values for small p and v. This is the region where
we expect weakly nonlinear theory to provide the best approximation of the PDE dynamics.
To form the circular grid, we take 13 circles of different radii, from 0.01 to 0.5, and discretize
every 5° in angle. We omit the region where both 1 < 0 and v < 0, as this is where the trivial
solution is stable, resulting in a total of 689 grid points. The solution at each value of y and
v is classified using the method from section 4 and verified manually.

We set ¢ = 1/4/7, so both three-wave and four-wave interactions are present between waves
with wavenumber £ = 1 and & = ¢. We use the weakly nonlinear approximations found in
section 3 to predict the stability in the PDE of the simple equilibria: stripes, hexagons, rhombs,
superhexagons and stars. We include off-critical w-hexagons in our stability calculations,
taking all red terms in (2.14a)—(2.14b) to be zero for these.

The stability calculations reveal that there can be regions in parameter space where there
are no stable simple equilibria. We combine this with the known locations of Hopf bifurcations
from z-stripes and w-stripes as the basis for our search for time dependence and spatiotemporal
chaos in the PDE. When Q..Q.., < 0, we expect 3WIs to be the driving force behind any
time-dependent dynamics, whereas, when K, Ly, < 0 we expect 4WIs to fulfill this role. We
avoid parameter choices close to Q2 = 2Q3 and Cy = (' since these yield variational dynamics
and prevent persistent time dependence.

For each set of simulations, we change the value of one PDE parameter to drive either
Q.>Q.w or Kyly,, through zero, as shown in Figure 7. We begin with both Q,.Q., > 0
and KLy, > 0, (top right quadrant of Figure 7), with PDE parameters chosen so that
there is always at least one stable equilibrium in the ODE amplitude equations for every value
of (u,v) that we consider. Without this requirement, we found that the PDE easily produced
unbounded solutions. We also choose PDE parameters so that when at least one of @), ., or
KywLy: is negative (other quadrants in Figure 7), there are ranges of (i, ) where none of the
simple equilibria are stable in the ODEs, pointing toward the possibility of time-dependent
dynamics in the PDE. The requirement for having at least one stable equilibrium in the ODEs
in the top right quadrant turns out to be sufficient for avoiding unbounded PDE solutions in
all quadrants.

In subsection 5.1, we vary Q1 to change Q..Q .., from positive to negative to display the
effect of 3WIs on the dynamics of the PDE. Subsection 5.2 shows the transition of KLy
from positive to negative by varying C, to display the effect of 4WIs (note Q..Q ., does not
change value in these simulations). Finally, subsection 5.3 continues on from the end state in
subsection 5.2 to explore the case when both 3WIs and 4WIs drive the time dependence: we
vary Q1 to reduce the value of ),.Q),,, from positive to negative.

In each of subsections 5.1 to 5.3, we present the weakly nonlinear stability predictions for
each simple equilibrium pattern in Table 1. We compare this with the PDE solutions: almost
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Figure 7: Schematic depiction of the changes we make to the PDE parameters in each set
of numerical simulations. Subsection 5.1 isolates the 3WIs and subsection 5.2 the 4WIs.
Both 3WIs and 4WIs drive time dependence in subsection 5.3. The purple region in each
circle shows the approximate size of the PDE chaotic region in (u, v)-space for each quadrant;
the largest chaotic region occurs for Ky,Ly, < 0, with very little dependence on the sign
of Q,.Q,w. The chaotic solutions in the lower two quadrants also have more spatial disorder
than those in the top left quadrant. No time dependence (after transients) is found in the top
right quadrant.

all of the PDE equilibria that we find are one of the five simple patterns, possibly with defects.
We also find a small number of PDE equilibria that are not simple patterns but that can still
be described in terms of z and w amplitudes: we class these as superlattice solutions, and
they are explored in more depth in [29].

5.1. Chaos Driven by Three-Wave Interactions. Using (3.3a)—(3.3d), we choose a range
of PDE parameters that starts with Q..Q,, > 0 and ends with Q..Q,, < 0, while keeping
KywLy, > 0, starting in the top right quadrant in Figure 7 and ending in the top left
quadrant. This choice leads to a Hopf bifurcation from z-stripes within the (u,v) grid [17,29]
and so we anticipate finding time-dependent dynamics driven by the 3WIs. Having 4WIs and
Kywlyw: < 0 is necessary for the Hopf bifurcation from w-stripes, so this bifurcation is not
present here.

The starting point for these numerical simulations is Q1 = —1.4, Q2 = —2.75, Q3 = —3.5,
Cy = =275, Co = —7.75, C3 = —16.5, 0g = —2 and ¢ = 1/4/7. We increase Q; from
—1.4 to —0.6 in increments of 0.1. The quantity @Q..Q.., initially positive, changes sign at
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Q1 ~ —1.32. The sign of K, Ly, does not change. We start the first set of simulations with
random initial conditions for all (u,r). We start subsequent sets of simulations with a new
value of @1; the initial condition for each (u,v) pair is the final state at that value of (u,r)
and the previous value of Q.

The weakly nonlinear theory predictions for stable stripes, hexagons, rhombs, super-
hexagons and stars are shown in Figure 8. Each color indicates a different stable equilibrium
pattern. Hatched markings show regions of bistability, e.g., yellow with light blue striped
hatched markings corresponds to both z-stripes and z-hexagons being stable. With this choice
of Q2 and @3, Q) per is zero when ()1 = —1, so we use ()1 = —1.01 to avoid this degeneracy
in Figure 8c. The region of stable z-hexagons is bounded by a saddle-node bifurcation and
a pitchfork bifurcation to rectangles [47]. These both occur when p is O (Q%,.,) [21], so for
Q = —1.01, the stability region for z-hexagons is very small.

The lavender regions in Figure 8(c)—(f) correspond to values of p and v where none of the
simple equilibria are stable. For this choice of @2, @3, C1, Co and ('3, the rightmost edges
of the lavender regions correspond roughly to the Hopf bifurcation from z-stripes. We have
not exhaustively classified the dynamics in this region, but we have found examples of other
equilibria, traveling solutions, and oscillatory and chaotic solutions. This region is relatively
narrow; we have not been able to find other parameter values that give a wide lavender region
while maintaining K, Ly, > 0.

The results of the corresponding PDE simulations are shown in Figures 9 and 10. As
predicted, when Q,,Q.,, > 0 (Figure 9a) we do not find any cases of chaotic dynamics. The
only solutions with time dependence have slow evolution of defects within the patterned state.
These defects persist in the solution after thousands of time units. We found only small regions
of chaotic dynamics (STC and TC in purple and light purple respectively in Figure 9) when
Q:2Q.w < 0. These regions of chaotic dynamics in the PDE lie roughly within (but do not
fill) the corresponding regions of no stable equilibria in the ODE. The regions of stability of
z-stripes, z-hexagons and w-hexagons match well between the ODEs and PDE. The regions
of stars do not agree, but this is because of their bistability with w-hexagons, which dominate
at the first value of Q1. Superhexagons are found only in the ODEs for a similar reason.
The classification of stars in the PDEs includes asymmetric stars, with unequal z and w
amplitudes.

Interestingly, the widest region of temporally chaotic (TC) dynamics occurs for very small
w and v, with individual parameter values having STC. Some of the TC examples in the PDE
for small (p, ) have exactly the six modes on the k = ¢ circle and the twelve modes on the
k =1 circle used in the weakly nonlinear theory. One such example is shown in Figure 11.
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Figure 8: Weakly nonlinear predictions for simple equilibrium patterns, with Qo2 = —2.75,

Q3 =-35,C1 =-2.75 Cy = —-7.75, C3 = —16.5 and q = l/ﬁ, with different values of Q1:
(a) —1.4, (b) —1.2, (c) —1.01, (d) —0.9, (e) —0.8, (f) —0.6. As @ is increased, @Q..Q ., changes
from positive to negative at ()1 ~ —1.32. Hatched markings denote regions of bistability, and
each pattern has hatched markings with different orientations (see colorbar). The color of the
hatched markings corresponds to the pattern. We use the off-critical w-hexagon analysis to
differentiate between w-hexagons and superhexagons. The lavender region in (c)—(f) is where
there are no stable simple equilibria.



PATTERN FORMATION WITH TWO LENGTH SCALES: SPATIOTEMPORAL CHAOS 21

> 0.0J

&

. ey
Trivial Solution Trivial Solution o/ Trivial Solution [

-0.51,

Trivial Solution
Stable

Trivial Solution
Stable

Trivial Solution
Stable

-0.51, ‘ . 1 -
-0.5 0.0 0.5 -0.5 0.0 0.5
u u

Figure 9: Bifurcation set showing the patterns observed with varying (u,v) within the PDE
(3.1). The lower rows are zoomed versions of the upper rows. The PDE parameters are the
same as in Figure 8, with o9 = —2. Each black marker corresponds to an individual simulation
classified according to section 4: e represents equilibria, 4 for slow-time-dependent patterns,
+ for fast-time-dependence with limited spatial change, and x for fast-time-dependence with
significant spatial change. The lighter of the two shades of color correspond to defects or
modulation. The data for this figure is available from [48].
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Figure 10: Zoomed in bifurcation set of Figure 9 for small p and v. The data for this figure
is available from [48].
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Figure 11: Time evolution of a temporally chaotic solution of the PDE. The parameters are
as in Figure 9d, with » = 0.01 and x = 145° where (u,v) = (rcosx,rsiny). The three
patterned states in (a) are the solution at different times, indicated by the dashed magenta
lines in (c). The larger contributions to the patterned state are represented by a darker and
larger marker in the Fourier spectra in (b). For these three patterned states, the k = ¢ modes
are approximately equal, whereas the k = 1 modes are unequal. Note the colorbar is different
for each pattern; this is to emphasize how the patterned state is evolving. The red, blue, black
curves in (c) correspond to the evolution of the k = ¢, k = 1, kK = 0 modes respectively. Small
amplitude modes are omitted from the plot. A phase portrait of the zo and w; amplitudes is
shown in (d).
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5.2. Chaos Driven by Four-Wave Interactions. For our next set of results, we consider
the effect of the non-generic four-wave interactions (unique to the value ¢ = 1/4/7) on the
dynamics of the PDE. In this case, we fix all parameters except Cp, with Q.,Q., inde-
pendent of C7. We fix Q.,Q,, to be positive in order to focus on the impact of the time
dependence arising from the 4WIs. Proceeding as we did in subsection 5.1, we begin with
Cy = —2.4 in the Q..Qw > 0 and KLy, > 0 quadrant (Figure 7) with a small amplitude,
random initial condition. Increasing C'; to —1 allows us to transition into the KLy, < 0
regime, with Ky, Ly, = 0 at C1 & —2.29. There is a Hopf bifurcation from w-stripes when
KywLy, < 0 [29] and so we anticipate finding time-dependent dynamics driven by the 4WIs.

The stability region of the simple equilibria using weakly nonlinear theory is shown in
Figure 12. The most striking feature is how the regions of stability of w-stripes and w-
hexagons shrink as Cj is increased, which results in large lavender regions where none of
the simple equilibria are stable. In addition, the star equilibria, which are clearly present in
Figure 12a,b, are almost entirely absent in the other four panels. There is an increasingly
large lavender region of no stable simple equilibria in Figure 12¢—f. Unlike in subsection 5.1,
the lavender region is not bounded by a Hopf bifurcation from a stripe solution.

Results from the PDE simulations are shown in Figures 13 and 14. We observe w-hexagons
with defects persisting for a much larger region of parameter space than expected from the
weakly nonlinear prediction of (off-critical) w-hexagons. However, we see no examples of
defect-free w-hexagons outside of the predicted stable regions. In Figure 13a, the calculations
are started from random initial conditions, and z- and w-stripes appear only in the parameter
regions where they are stable in the ODEs, with an almost-exact match in the case of w-
stripes. The initial conditions for each subsequent panel come from the previous one, so the
regions of z- and w-stripes are “frozen-in”. In the case of w-stripes, the initial region of their
stability no longer matches the ODE region of stability for the later values of C, so w-stripes
progressively disappear from Figure 13d-f. Similarly, in Figure 13a, stars appear only in
the parameter regions where they are stable in the ODEs, and they progressively disappear
as (1 is increased. In fact, upon closer inspection of these PDE star solutions, we find the
amplitudes of the £k = 1 modes on each hexagonal lattice are not all equal but are similar, so
these stars are slightly asymmetric. We have not computed the amplitudes for asymmetric
stars in the ODEs, so whilst this pattern looks very much like stars, its stability will differ
from that of symmetric stars.

Regions of TC appear from Figure 13c, and increase in size as ' is increased, with STC
appearing in Figure 13d and similarly increasing in size. By C; = —1 in Figure 13f, with the
most negative value of Ky La,., STC occupies a substantial portion of the bifurcation set,
mainly for larger v and p small and positive. The regions of TC and STC generally overlap
the regions where the ODEs predict no stable simple equilibria. In Figure 14e.f, TC extends
to the smallest values of p and v.

We show an example of fully developed STC in Figure 15, with three panels at different
times, with parameters chosen at the outer edge of the purple region in Figure 13f. In the
Fourier power spectra, annuli around both & = 1 and & = ¢ are filled, and the pattern is
continually changing in both space and time. For smaller values of 1 and v, the number of
modes contributing to spatiotemporally chaotic solutions tends to decrease, leading to the
progressive simplification of the spatial structure, with larger patches of hexagons with the
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Figure 12: Weakly nonlinear predictions for @1 = —1.06, Q2 = —2, Q3 = —0.8, Cy = =5
and C3 = —15. The value of C) is different for each subfigure: (a) —2.4, (b) —2.0, (c¢) —1.6,
(d) —1.4, (e) =1.2, (f) —=1.0. KywLw. changes sign at C; ~ —2.29. A large region with no
stable simple equilibria (lavender) emerges for Ky Ly, < 0.

same orientation.

We find examples of intermittent TC at the smallest values of p and v, with apparently
heteroclinic connections between a temporally chaotic saddle and a z-hexagon pattern. One
example is shown in Figure 16, for parameter values close to the saddle-node bifurcation that
limits the existence of z-hexagons (Figure 16d). This solution displays a strong resemblance
to type-I intermittency [49]. In Figure 16, we start with a temporally chaotic solution (left
panels in Figure 16a,b). There is then a stage where the amplitudes of most modes decay
exponentially, leaving only z-hexagons (center panels). Trajectories get temporarily trapped
near z-hexagons, but these are a transient, as the parameter values are outside the region of
existence of z-hexagons. As the z-hexagon modes decay, the dominant growing modes are on
the k = ¢ circle and are aligned with the z-hexagon modes. The reasoning for the growth
of these w modes is explored in section 6. Trajectories return to the chaotic saddle, with a
brief phase of resembling superhexagons (right panels). These superhexagons do not contain
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Figure 13: Bifurcation set showing the patterns observed with varying (u,v) within the PDE
(3.1). The PDE parameters are the same as in Figure 12, with o9 = —2.

the same 2z modes as those in the z-hexagon phase, but instead the superhexagon pattern
from the aligned w modes and corresponding modes from 3WIs. The time spent near the
chaotic saddle varies from cycle to cycle (Figure 16¢), according to how long it takes to find
the z-hexagon trapping region again. Similar to Figure 11, the dominant modes in the PDE
solution are the eighteen modes used in the ODEs (but rotated), but in this case, the peaks
are fuzzy in the temporally chaotic phase and sharp in the z-hexagon phase (Figure 16a.b),
as opposed to being sharp throughout the evolution in Figure 11. The presence of this kind
of intermittent chaos is associated, in other problems, with the presence, at nearby parameter
values, of spatiotemporal chaos [50-52].
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Figure 14: Zoomed in bifurcation set of Figure 13 for small x and v.
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Figure 15: Spatiotemporal chaos with r = 0.5 and x = 80° where (u, ) = (r cos x, rsin ), and
with C; = —1, as in Figure 13f. These parameter values give Q,,Q . > 0 and KLy, < 0.
(a) shows the patterned solution at different times and (b) the corresponding Fourier spectrum.
Fach frame is separated by 90 time units. We note the density of modes clustered around
both entire circles.
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Figure 16: Time evolution of an intermittent temporally chaotic solution of the PDE with
r = 0.025 and y = 150° where (u,v) = (rcosy,rsiny), and with C; = —1, as in Figure 14f.
The three patterned states in (a) show a solution at different values of time, indicated by
the dashed magenta lines in (c¢). Note the colorbar is different at each time. The larger
contributions to the patterned state are represented by darker and larger markers in the
Fourier spectrum in (b). The red, blue, black curves in (c) correspond to the evolution of
the k = q, k = 1, k = 0 modes respectively. Panel (d) shows the zoomed ODE stability
predictions for these parameter values, the black star marking the values of y and v used in
the PDE simulation.
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5.3. Chaos Driven by both Three-Wave and Four-Wave Interactions. So far, we have
presented examples where the 3WIs and 4WIs separately promote time dependence. In this
section, we explore the case where both types of interaction promote time dependence by
focusing on Q,,Q.w < 0 and Kyly, < 0. We begin in the Q,,Q., > 0 and KLy, < 0
quadrant of Figure 7 and change the value of @)1 between simulations to decrease the value of
Q..Q . below zero. We use the final states of Figure 13f as initial conditions for our first set
of simulations, varying (1 but keeping the other PDE parameters unchanged.

For the PDE parameter values in Figure 13f, there is only a limited range of ()1 that has
Q:.Q 2w < 0, and the magnitude of @,.Q),, does not change greatly over this range. In our
bifurcation sets, in Figure 17, we therefore show only two value of @)1, the first and last of the
range we investigated. Figure 17 shows the stability predictions from the weakly nonlinear
theory (top row) and PDE solutions (middle and lower rows) for these two values of Q1.

The most significant changes are an increase in the size of the lavender region of absence
of stable simple equilibria in the ODEs, and (more significantly) an increase in the size of
the chaotic region for small y and v in the PDE, including examples of STC. The STC is
qualitatively similar to that in Figure 15, though with larger patches of hexagons with the
same orientation. Among the examples of TC, there are also a few examples of intermittent
chaos, which we describe in more detail below. We also observe a large region of w-hexagons
with defects within the PDE results, left over, as argued above, from the initial results in
Figure 13a. There are a small number of examples of stable superhexagons (in dark blue in
the lower panel of Figure 17b), which do not overlap with the stable region of superhexagons
in the ODEs, and which we have not found in the PDE for any other parameter choices.

For small p and v, we see a type of chaotic solution (Figure 18) that has features of both
Figure 11, where the dynamics are concentrated on the eighteen modes of the ODEs, and
Figure 16, with intermittency between chaos and z-hexagons. The intermittency is similar to
that in Figure 16: there is a short period of chaotic dynamics that persists until the trajectory
is trapped close to z-hexagons. These disappear and the chaos resumes. This behavior exists
just outside the existence and stability boundary of z-hexagons and looks similar to type I
intermittency [49], as we also found in subsection 5.2. Unlike in Figure 16, there is no fuzziness
in the Fourier spectrum, and (like Figure 11), there are twelve (six) modes on the k = 1 (k = q)
circle.
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Figure 17: Weakly nonlinear predictions (top row) and PDE results (middle and bottom rows)
for Q2 = =2, @3 = —0.8, C; = —1, Cy = =5, C3 = —15 and g9 = —2. The values of Q); are:
(a) —1.08, (b) —1.24. Q..Q. changes sign for Q1 ~ —1.0857. The region for Q,,Q., < 0 is
extremely small; we observe very little change in the chaotic region as () is decreased.
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Figure 18: Time evolution of an intermittent temporally chaotic solution of the PDE with
r = 0.01 and x = 160° where (u,v) = (rcosx, rsin x), and with Q; = —1.24, as in Figure 17b.
The layout of the panels and the meaning of the colors are as in Figure 16.

6. Onset of Chaos. So far, we have found examples of chaotic dynamics within the
eighteen-mode subspace of the problem (Figures 11 and 18), examples of TC where the eigh-
teen modes are still visible but are fuzzy (Figure 16), and examples of fully developed STC
(Figure 15). We started with the hypothesis 3WIs could explain the transitions between these
possibilities. In this section, we test this hypothesis in more detail, and find that the original
idea plays a role, but that there are additional interactions to take into account.

We choose PDE parameters respecting Q,,Qz < 0 and Ky Lyw: > 0 (top left quadrant
of Figure 7), so the time dependence is driven by 3WIs, and focus on the relationship between
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Figure 19: Bifurcation set showing the patterns observed with varying (u,v) within the PDE
(3.1). The PDE parameters and colors are as in Figure 9d. We use a finer discretization of
(1, v) values that contains the observed region of chaos with the full range of (u,r) values
shown in (a). (b) shows a zoomed section of (a). (c) shows a zoomed section of the weakly
nonlinear stability predictions. The marker contained within the red square in (b) and (c)
corresponds to the (u,r) value we use to analyze the onset of chaos in Figures 20 to 22.

the nonlinear interactions and the onset of chaotic dynamics in the PDE. We solve the PDE
for ¢ = 1/\/7, 00 = =2, Q1 = —0.9, Q2 = —2.75, Q3 = —3.5, C; = —2.75, Cy = —7.75 and
C3 = —16.5, the same conditions as in Figure 9d, with a finer discretization of (u, v), centered
around the region where we previously found chaotic dynamics for these PDE parameters. The
new discretization takes radii separated by 0.025, with angles between 60° and 110° divided
into 2° increments, giving a total of 546 grid points. Unlike in Figure 9d, the results shown
in Figure 19 start from a small amplitude, random initial condition rather than from the end
of a calculation at a different value of ().

The PDE solutions reveal the same band of temporal chaos (light purple region) and
spatiotemporal chaos (purple region) as in Figure 9d. The onset of TC and STC occurs close
to the stability boundaries of z-stripes and z-hexagons (Figure 19a,b). We have investigated
the transition from equilibrium solutions to STC starting from both z-stripes and z-hexagons.
The first of these shows the transitions more clearly, so we take a pure z-stripe solution (with
its defects removed) from r = 0.175 and x = 74° (where (p,v) = (rcos x,rsiny)) as an initial
condition for r = 0.175 and x = 78°, which lies in the region of STC in Figure 19a,b. These
new values of 1 and v lie close to the lavender region and outside the stable z-stripes region
of Figure 19c therefore we do not expect to remain at z-stripes.

The pattern and its Fourier spectrum at different stages in the transition to STC is in
Figure 20, with a schematic diagram giving the number of Fourier peaks on each circle at each
of the different stages in Figure 21. We first describe the different stages before turning an
analysis of most important 3WIs in Figure 22.

We start with z-stripes (Figure 20a). The first modes to grow starting from z-stripes are
those 60° apart from the original stripe modes, leading to almost-equal amplitude z-hexagons,
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Figure 20: A PDE solution (upper two rows) and its corresponding Fourier spectrum (lower
two rows) at different times. The solution evolves between the following states: (a) z-stripes
at t = 0; (b) z-hexagons at ¢t = 2112; (c) z-hexagons and aligned w-stripes at t = 2627; (d) w-
stripes and decaying z-hexagons at ¢ = 2805; (e) modulated rhombs at ¢ = 2871, with details
explained in Figure 22; (f) patches of rhombs and w-hexagons at ¢ = 2957; (g) w-hexagons
and multiple orientations of rhombs emerging at ¢ = 3016; (h) temporal chaos at ¢ = 3102;
(i) developing spatiotemporal chaos at ¢t = 4791; (j) spatiotemporal chaos at ¢ = 6290. Here
we have r = 0.175 and x = 78° where (u,v) = (r cos x, rsin x) with all other PDE parameters
the same as Figure 19. For clarity, only the largest Fourier components are plotted.

as shown in panel (b). We then see a w-stripe pattern appear in panel (c); these emerge at
the original z-stripe orientation. The resulting w-stripe pattern dominates in panel (d). Next,
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Figure 21: Schematic indicating the number of peaks on the k =1 (P;) and k = ¢ (P,) circles
during the transition from equilibrium z-stripes to STC in Figure 20a—j. The red line indicates
that the transition to (4,2) involves four & = 1 peaks that do not include the original two from
z-stripes. The letter “f” after a number indicates that those peaks are fuzzy.

a pair of modes (and their negatives) on the k& = 1 circle, 22° degrees apart, emerge in
panel (e), leading to patches of rhombs with (somewhat) fuzzy Fourier peaks. Four of the six
remnant peaks of the z-hexagons are just visible in panel (e), and the new rhombic modes
on the k = 1 circle split the 60° arc between the remnant z-hexagon wavevectors into thirds
of approximately 20° each. In panel (f), four new fuzzy peaks appear on the k = ¢ circle,
so there are now six peaks of similar amplitude with & = ¢ (w-hexagons) and four fuzzy
peaks on the & = 1 circle (rhombs). In physical space, we see patches of w-hexagons and
rhombs. The four rhombs peaks decrease in amplitude in panel (g), while two other pairs
of rhombs peaks (and their negatives) start to emerge, linked to the other wavevectors in
w-hexagons. In panel (h), the twelves peaks on the k = 1 circle have grown to approximately
equal amplitude, and six peaks on the k = ¢ circle are now quite fuzzy: the original six w mode
peaks are all supplemented on either side by fuzziness that is (at least roughly) aligned with
the twelve z modes. This solution is TC, with continually evolving patches of w-hexagons.
STC develops over the next 3000 time units in panels (i) and (j), with both circles fully, but
somewhat unevenly, occupied in panel (j).

Several of the transitions just described can be understood in terms of the eighteen-
mode amplitude equations, for example, the relative stability of z-stripes and z-hexagons.
Furthermore, a separate PDE simulation done in a small domain, large enough for only the
eighteen superlattice modes to be present, reveals persistent chaotic oscillations between z-
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hexagons and stars (asymmetric superhexagons), as well as symmetry-broken versions of both
of these. The amplitude equations are chaotic at the same parameter values, though the
details are different. This persistent time dependence should therefore be expected in the
PDE simulations after the z-hexagon stage in Figure 20b, but in fact, in the large domain,
the PDE moves out of the eighteen-mode subspace first by developing w-stripes aligned with
the original z-stripes.

The fact that the w-stripes that emerge in Figure 20c are aligned with the original z-
stripes can be understood by calculating, using weakly nonlinear theory, the growth rate of a
mode on the k = q circle in the presence of large-amplitude z-hexagons. We find that modes
on the k = ¢ circle that are aligned with the six equal-amplitude z modes in the z-hexagons
have the largest growth rate, slightly larger than w modes that would be involved in rhombic
3WIs. Moreover, if the modes in the z-hexagons have unequal amplitudes (as in Figure 20b),
the fastest-growing w mode aligns with the strongest z mode. This mechanism introduces
modes on the k = g circle that are different from the six w modes within the eighteen mode
restriction. We also observe these aligned w modes in the onset of intermittent chaos as
discussed in subsection 5.2.

The development of fuzzy peaks in the Fourier spectrum, corresponding to having modu-
lated patterns or patches of pattern with different orientations, can be understood in terms of
the 3WIs. We start by breaking the Fourier power spectrum in Figure 20e into its component
triads in Figure 22. These triads involve not only the prominent rhombs peaks but also the
much smaller peaks left over from the z-hexagons. Figure 22a shows the triad involving the
modes with largest amplitude: these are responsible for the overall rhombs pattern. Panels
(c) and (d) show two additional triads that both compete with the triad in (a). (Recall that
competing triads are those that each have two £ = 1 modes and one k = ¢ mode, with one
k = 1 mode in common, and that competing triads do not both fit within the original eighteen
modes.) The other k& = 1 wavevector in the triad in panel (c) is one of the original hexag-
onal wavevectors seen in Figure 20b. Similarly, the other kK = 1 wavevector in the triad in
panel (d) is a different one of the original hexagonal wavevectors. This can happen because
the 22° spacing between the twelve modes on the k = 1 circle is approximately a third of 60°.
However, the 22° spacing is not exactly a third of 60°, so the angles between the k = 1 modes
within each triad are not exactly the same, and the lengths of the vectors will not be exactly 1
and g. These discrepancies introduce multiple closely spaced peaks on the k = ¢ circle. Once
the other peaks on the k = ¢ circle appear with the development of w-hexagons (Figure 20f),
these closely spaced peaks develop into fuzzy peaks on the k = ¢ circle. Finally, the fuzziness
on k = q is transferred to fuzziness on k = 1 through 3WIs such at the one in Figure 22b.
These interactions happen as the mode amplitudes are growing from low values, and in Fig-
ure 20e, the modes that appear first are the ones leading to two wavelengths of modulation
in the y direction.

From Figure 20f-h, all eighteen of the main modes develop strong fuzzy peaks, with
evolving amplitudes characteristic of temporal chaos, following the 3WIs involving each of the
fuzzy peaks on the k = ¢ circle. Over the next 3000 time units (Figure 20h-j), further 3WIs
cause first the k = ¢ circle to be more fully occupied, followed by the k = 1 circle, resulting
in spatiotemporal chaos in the end.
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Figure 22: Four sets of competing 3WIs in the Fourier power spectrum in Figure 20e. Triads
are indicated by the three vectors in each panel. The bold wavevectors appear in more than
one panel and are marked by the same color each time they appear. See the text for more
details.

7. Conclusions. We have investigated how nonlinear interactions between waves with two
wavenumbers can lead to spatiotemporal chaos. We started with the hypothesis from [22] that
time dependence within the eighteen-mode amplitude equations coupled with the availability
of modes with all orientations—consistent with large domain PDE simulations—could lead to
competing 3WIs that would push the dynamics out of the eighteen-mode subspace and hence
give rise to spatiotemporal chaos. We only found evidence of time-dependent dynamics in the
PDE (3.1) when at least one of the ODE Hopf criteria (Q..Q.n < 0 or KywLy, < 0) was
satisfied, and when there were no simple stable equilibria in the amplitude equations. The
first of the criteria is the one well known from the theory of 3WIs [17,22,23,35], and the
second is a new criterion that is only relevant for the wavenumber ratio ¢ = 1/4/7 [29].

However, our detailed examination of the onset of STC revealed that this is more compli-
cated than first hypothesized: we found that the initial transition out of the eighteen-mode
subspace came from the growth of new w modes aligned with existing z modes. The original
hypothesis was that competing triads would take the dynamics out of the eighteen-mode sub-
space, and the new w modes associated with competing triads would not be aligned with the
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z modes within the eighteen-mode subspace. The reason for the growth of aligned w modes,
rather than w modes associated with competing triads, can seen from a stability analysis
of w modes with arbitrary angle in the presence of fully developed z-hexagons. The linear
analysis gave positive growth rates for both possible types of w modes: the aligned w modes
had the largest growth rate, but the w modes associated with competing triads were only a
few degrees away from being aligned, and the difference in growth rates was relatively small,
so both of these mechanisms ran side-by-side.

Exiting the eighteen-mode subspace is a key step in the development of complex spa-
tial structure. Once the dynamics made this exit, having both aligned and competing triad
w modes present led to fuzziness (see Appendix B) in the Fourier spectrum of the solution.
This fuzziness allowed time-dependent solutions to become more spatially complex, with fuzzy
peaks on the k = g circle, leading to fuzzy peaks on the k& = 1 circle. This process sometimes
stopped at temporal chaos with fuzzy peaks, typically associated with patterns with con-
tinually evolving defects, but we found many examples where it continued until the Fourier
spectrum was distributed around both the £ = 1 and k = ¢ circles, a characteristic of spa-
tiotemporal chaos.

We used the level of fuzziness in the Fourier spectra to differentiate between TC and
STC as part of our pattern classification method. The method also allowed for different
patterns to be categorized on the basis of their time dependence as well as their spatial
structure. The broad pattern class was determined through counting the number of peaks on
the k = 1 and k = ¢ circles in its Fourier spectrum. By computing a local Fourier transform, as
outlined by [53], patterns with defects and modulation were also able to be classified (details
in Appendix B). We developed three metrics to analyze the time derivative of the pattern and
so classify the pattern into equilibria, slow evolving or fast evolving time-dependent solutions.
One of these metrics distinguished between fast evolving time-dependent solutions with little
spatial variation and TC/STC, which have a greater level of spatial variation. Our pattern
classification method enabled us to classify thousands of PDE simulations efficiently.

The eighteen-mode amplitude equations are relevant to any pattern forming system that
exhibits 3WIs on two length scales, with the smaller wavenumber being less than half of
the larger. Despite the weakly nonlinear approximation only being valid for small amplitude
solutions, we found that the ODE predictions were a good qualitative guide to the PDE
behavior even outside this limit, with the size and placement of the regions of stability for each
equilibrium pattern in the PDE similar to the prediction. Our results highlight the usefulness
of the ODE system: in other applications, the weakly nonlinear calculation could be used to
predict not only stable equilibrium patterns but also the potential for spatiotemporal chaos
where no stable simple equilibria are predicted.

The largest regions of TC and STC were found for KLy, < 0 and either sign of
Q..Q.w; the regions for Q),,Q ., < 0 were only slightly larger those when Q,.Q,, > 0. To
the best of our knowledge, no examples of STC have previously been reported for ¢ < %
with Q..Q.yw > 0 and KLy, < 0. The STC reported in a two-layer Turing model in [23]
had ¢ = 1/4/7 and Q..Q., < 0 (the value of Ky,L,. was not given). The STC reported
in [22] in the same PDE (3.1) with C; = —1, Cy = 0 and C5 = 0 had ¢ = 0.66, which allows
for a wider range of 3WIs, and had both relevant pairs of quadratic coefficients of opposite
sign. The lavender regions (absence of stable simple equilibria) in the stability predictions
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are absent when Q),,Q ., > 0 and KLy, > 0, but present when Q,.Q,,, < 0; these regions
are significantly larger when Ky,,Ly,, < 0 than KLy, > 0, therefore, it is not surprising
that we found more examples of TC and STC for K, Ly, < 0. We were unable to find PDE
parameters resulting in Q,,Q.., < 0 and K, Ly, > 0 that gave a large region of absence of
stable simple equilibria in the amplitude equations whilst maintaining bounded PDE solutions.
Although the K, and L,,. < 0 terms only exist in our ODEs for the precise case of ¢ = 1/4/7,
we have also found evidence of TC and STC for values of ¢ near this critical value, even with
Q..Qw > 0. Details of these investigations will be presented elsewhere.

Most of the examples of STC were found for the larger values of v that we used, with p
small. For small 1 and v, most of the chaotic solutions were TC. Some of these TC solutions
had intermittent chaotic behavior, which resembled the type-I intermittency described in [49].
We observed two different types of intermittent chaotic solutions, one involving just the eigh-
teen modes from the amplitude equations and the other involving additional modes clustered
around these eighteen modes. In both of these cases the solution alternated intermittently
between T'C and z-hexagons, with the z-hexagons just outside their existence region. For the
second case (involving fuzzy peaks), the first modes to grow in the transition back to TC
involved w modes aligned with the decaying z-hexagons. These aligned w modes were also
the first modes to emerge outside of the eighteen mode subspace in the onset of STC for other
parameter values. Therefore, the aligned w modes play a crucial role in the chaotic dynamics
of this system for both this intermittent TC and for the onset of STC.

In this paper, we have focused on the case ¢ < %, where twelve modes on the outer circle
and six on the inner form an eighteen-mode subspace. With ¢ > %, this is still possible, but
there is also the possibility of twelve modes on the inner circle and six on the outer forming
a different eighteen-mode subspace. Each of these has its own pair of quadratic coefficients,
so the mechanism we have described for exiting the eighteen-mode subspace is available to
either of these, provided its pair of quadratic coefficients has opposite sign. This supports
the correlation between the presence of both pairs of quadratic coefficients with opposite
sign and that of spatiotemporal chaos in the Faraday wave experiment [22] and a coupled
reaction—diffusion model [23]. The special value ¢ = 2sin15° = 1/2 — /3 ~ 0.5176 leads
to twelve modes on each circle and twelve-fold quasipatterns [22,31], with a potential that
exiting this twenty-four-mode subspace will similarly lead to STC. There is a related sixty-
mode icosahedral subspace available in three dimensions with ¢ = £(v/5 — 1) ~ 0.6180 [54].
We anticipate investigating the ¢ > % possibilities in more detail in future work.

The presence of Hopf bifurcations has been a significant focus of our discussion and the
rationale for where we expected to find time dependence and regions of STC. There are more
Hopf bifurcations in this system than just the ones from z-stripes and w-stripes [29], though
we have not focused on the periodic orbits created in these. Analysis of unstable periodic
orbits is an active research area; it has been shown that unstable periodic orbits serve as
the underlying structure of chaotic dynamics [55]. Identifying unstable periodic orbits can
be challenging in high dimensional systems. Our PDE has the advantage of being easy to
work with and may be a useful model to use for establishing the effectiveness of new methods
of identifying periodic orbits and their role in complex dynamics, such as the adjoint-based
variational method [56] and machine learning [57,58].
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Appendix A. Weakly Nonlinear Analysis. Here we present the weakly nonlinear analysis
of our PDE (3.1), repeated here for convenience:

ou
(A1) Frl Lu+ Qru? + QouV?u + Q3|Vul> + Crud + CouV2u + Czu|Vul?.
For conciseness, the analysis is presented for general ¢ for only one rhombic triad (2.4a)—(2.4c).
We give the full set of eighteen amplitude equations (2.14a) and (2.14b) and their coefficients,
written as functions of the PDE parameters, for ¢ = 1/+/7.
We consider a small amplitude expansion of u close to onset:

(A.2) u = cuy + £2uy + 3us + (9(54),

and introduce the following scalings:

0 0 0
2 2 o .9 29
(A.3) W — e, v — ey, PN 86’T1 +e Ty

where 0 < ¢ « 1. Using these scalings we split the linear operator into @(1) and O(e?) terms:

Q

VA BV

(A.4) =2

1+ V)2 (¢ + V)’ +
( ) (q )J q4 (1_q2)3

< _

f;Qu;‘

Lo Lo

with functions A and B as defined in (3.2b)—(3.2¢).
Applying these expansions to the PDE (3.1), the O(¢e) terms yield

(A.5) [,oul =0.

For this to be satisfied, uq can be written a linear combination of modes with wavenumber
k=1or k= qonly, so

(A.6) up = Z 2j(Th, Ty)e™*i® 4 Z w;i(Ty, Ty)e' .
Jlkjl=1 Jlail=q

Since we are considering only one triad, we choose
(A7) up = 21€F1T 4 zoetk2® 4oy NT e,

At O(g?) we obtain
Juy 2 2 2
(A.S) £0U2 = 67T1 - Q1u1 - Q2u1V uy — Qg\Vul\ .

Applying the Fredholm alternative and noting Ly is self-adjoint, we derive solvability con-
straints for finding a non-trivial solution for ug: we require the right-hand side of (A.8) to be
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zero when projected onto the modes present in the solution for u;. The solvability constraint
for e?*1® yields

(Ag) % = [2@1 — Qo (q2 + 1) + qug] ZoW1.

0Ty
Similar solvability constraints can also be derived for e’*2'® and e'd1®,

Since equation (A.8) is linear in ug, the solution for us will consist of a complementary
function: a solution to the homogeneous equation Lous = 0, and a particular solution: a
solution for the inhomogenous part. The complementary function will be a linear combination
of the modes e*1%  ¢tk2 @ oiq1® and their complex conjugates. Owing to the quadratic
dependence on u; in (A.8), the particular solution will contain all quadratic combinations of
the same six modes, so uy will take the form

Uy = G, €FVT 4 eRrT L g DT e

2ik1-@ 2iko-x

+ 0,23 + 0,25 + Spwie T 4 cc,

A.10
( ) i(k1—k2)-

+ B,,21Z2€ T4 ﬁzwzlwlez(lirql)'m + ﬂzw22wlel(k2+q1)'m + c.c.

+ 'yz‘z1]2 + 72‘22’2 + 'Yw‘w1‘27

where the §, § and 7 coefficients are determined from (A.8). The (; are arbitrary for now,
but are determined using the solvability conditions from higher order terms. The k-symmetry
(2.3a) allows the z; and zy amplitudes to be interchanged, resulting in the coefficients for
eZikre and e2ikz® Hhoth being §,. The same argument holds for 3.,, and ~,.

Substituting (A.10) into (A.8) and comparing coefficients for each mode in wug yields

(Q2+ Q3 — Q1)q*

A].]. 5z == 9
(A.1la) 900 (42 —1)°
(A11D) 5 — @ (Q2+ Q3) — Q1
' Y 90y (42 — 1)
(Ad1c) 5., = [2Q2 —2Q1 + Q3 (2 — ¢*)] ¢*
' ” dog(3—2)? (2—¢»)*
(A11d) By = [2Q1 + Q2 (1 + ¢*) + ¢*Qs]
. = 40’0 (q2 + 1)2 7
2
(A.11e) Ve = ;O(Qz — Q3 —Q1),
2
(A.11f) Yo = (°Q2 — *Q3 — Q1) .
The O(g3) terms of (A.1) are
our  Ouo 2 2
(A12) Lousz = T, + T Lour — 2Q1uruz — Q2u1 Voug — Q2uaVour — 2Q3Vuy - Vug

3 2v72 2
- C’lul - 02u1V uy — 03U1’VU1’ .
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As we did for the quadratic terms, we derive solvability constraints for each mode in uy. For

etk1® we obtain
oz1  0C1 = I
&71_,2 + 87111 = uz1 + [2Q1 - (1 + q2) QQ + q2Q3] [ZQCU)I + w1C22]
+ 21’21|2 [2Q1(5Z + ’Yz) - Q2(552 + 72) +4Q30; +3C1 —3C2 + Cg]
+ 22 2z T Vz) — z25_2+z+ 22’4_2
(A.13) 21|22 [ Q1(Bez +72) = Q2 (B (5—0°) +72) + Q3fBe: (4 — )

+6C — 6C5 + 203]

+ 21”11}1‘2[2@1(621” + ’Yw) — Q2 (Bzw (1 + 3q2) + PYw) + 3q2Q3/3,zw

+6C) — (24 4¢%) Cy + 2q203].

The equations for the other modes of u; follow similarly.

We combine (A.9) and (A.13) into a single equation using the reconstitution method
introduced by [59]. This involves combining z; and (,, into a single variable and restoring the
original time ¢. It is important to note that this approach is only valid in the limit Q; = O(e)
for ¢ = 1,2,3. This ensures the terms in the quadratic equations are small, hence the largest
terms in each of the quadratic and cubic equations are of the same order. More information
on the reconstitution method can be found in [19,60].

To do the reconstitution, we define the new variables:

(A14a) Zl =e€21 + 52CZ13
(A.14b) Zy = e29 4 €°Czy,
(A.14c¢) Wi = ew; + €%Cuy -

Then, we multiply (A.13) by €3 and (A.9) by €2 and add them. We can write the leading
order terms of this result in terms of the new variables Z1, Zy and W:

dz;

e wZy + [QQl —(1+¢%) Q2+ Q2Q3]72W1

+ Z1|Z1|2[2Q1(az +92) — Qa(bas +72) + 4Qsa; + 3Cy — 3C, + 03]

+ 20|52 [2Q1(8 + 1) — Q2 (Be: (5— %) +72) — 2QsB.: (4 ¢?)
+6C1 = 6Cs + 2G5

+ Zl\W1!2[2Q1(6zw +7w) — Q2 (Bew (14 3¢%) +7w) + 3¢°Q3B:w

+6C1 — (2+4¢%) Co + 261203],

(A.15)

where we have reversed the scalings introduced in (A.3) and truncated to leading order. The
equations for the evolution of Zs and Wjp are found similarly by considering the solvabil-
ity constraints for the modes e’*2® and e'9'® respectively. The amplitude equation for Z;
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(and subsequent equations for Z, and W7) are in the form of the original amplitude equa-
tions (2.4a)—(2.4c) where

(A.16a) Qo = 2Q1 — (1 +¢°) Q2 + ¢*Qs,

(A.16b) Qs =201 —2Q2+ Q5 (2 - %),

(A.16¢) A=20Q1(6; +72) — Q259 +72) +4Q30, + 3C1 — 3C3 + Cs,

(A16d) Ba = QQI(ﬁzz + 'Yz) - QQ (ﬁzz (5 - q2) + '72) + QSBZZ (4 - q2)
+ 6C7 — 6C5 + 2C5,

(A.lGe) CQOfa/2 = ZQl(ﬁzw + ’Yw) - QQ (Bzw (1 + 3(]2) + ’Yw) + 3q2Q3/8zw

+6C — (2 + 4q2) Cy + 2q2C'3,
(A.16f) D =2Q1 (v + Yw) — ¢ Q2(50 + V) + 4¢° Qs + 3C1 — 3¢°Ca + ¢*Cs,
Ego—aj2 = 2Q1(Bew +7:) — Q2 (2 (1 + ¢%) Baw + ¢*72) + Q3 (2+ ¢*) Bew

+ 6C1 — (2(]2 + 4) Cy + 2C%,
with the coefficients in ugy (4., 7., etc.) given by (A.11la)—(A.11f). The expressions (A.16f) and
(A.16g) are determined from the amplitude equation for W7. The quadratic coefficients Q1,
()2 and Q)3 appear in the cubic terms because we made no assumptions on their magnitude.
If they had been scaled to O(e), they would not have appeared.

The same approach can be applied for the eighteen mode ODE system, which is written
in full below, reverting to lower-case letters for the variables:

(A.16g)

% = p21 + QzwZow1 + Qzhexz325
+ 21 (Alz1]* + Bal22|” + Beolzs|” + Beo-al2al” + Beo|2s|?
(A-17a) + B60+O¢|Z6’2 + C907a/2’w1‘2 + 030+a/2|w2|2 + Csofa/2|w3|2)
+ Kizazegwr + KoZowows + K3zyZswe + K4Z3z6Ws3
+ Ko pw24Wiwo + wawzﬁg,
% = p22 + QrwZ1W1 + QzhexZ4%6
+ 23 (Balz1]* + Al2a|* + Beotal2s|” + Beolzal” + Beo—al2s|?
(A.17b) + B60\26!2 + Cgo_a/z\wl\Q + C30—a/2\w2\2 + 030+a/2’w3’2)
+ Kizzzswy + KoZywows + K3Zyzsws + Kyz3ZgWo
+ K pw2swiws + wawgw;;,
% = p123 + QruwZaw2 + QheaZ175
+ 23 (Boolz1|* + Beotalze|” + Alzs* + Balzal? + Beolzs/”
(A.17¢)

+ Beo—al26|” + Co—ay2w1]* + Coo—ajolwa|? + Cio1alwsl?)
+ Ki2z026we + KoZgw w3 + K3Z126W3 + K420Z5W1

— —32
+ sz'u,vZGIwaS + K'u,”w(w]w&
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(A.17d)

(A.17e)

(A.17f)

(A.17g)

(A.17h)

dzy _ _
g = pzq + sz23w2 + thezZQZ6
+ z4 (Bﬁo_a|2’1|2 + BGO|Z2|2 + Ba|Z3|2 + A|Z4|2 + BGQ+Q|Z5|2
2 2 2 2
+ Beolzs]” + C04.a/2|wi]” + Coo—ajo|wa|” + Cso_ay2|ws| )
+ Kiz125w0 + KoZswiws + Ksz1Zgw1 + KyZozsws
+ Kopwz1wiws + wawl@g’
dZ5 _ — —
E = pzs + szz6w3 + thelez?)
+ 25 (Bgo|21]? + Beo—al22|” + Beolzs|* + Beotalza|” + Alzs|?
2 2 2 2
+ Balz6]” + Cso1ap2lwi]? + Cao—ayolwal® + Coo—ajlwsl?)
+ Kiz0z4ws + KoZgwiwe + K3zozZswi + K4Z124Wo
+ K pwzowiws + wawlwga
dZG _ —
E = uze + szz5w3 + thexz2z4
+ 26 (Bgo+al21|* + Beolz2|* + Beo—al23|* + Beolz4|* + Balzs|*
2 2 2 2
+ Alzg]” + C3o_qap2|wi1]” + C3ppap2lwa]” + Coo_qylws| )
+ Kiz1z3wg + KoZswiwo + K3zozswe + Kyz1Z4w1
+ KZ?U’U)ZBU)QES + K’uzww%w%
dw1 .
E =rvw + QZZZIZQ + Qwhexw2w3
2 2 2 2
+ w1 (Egg_apol21? + Ego—al22|® + Eso_ajelzs]® + Esoray2l 2l
+ E3g4a2025° + Eso—ayol26]” + D|wi|* + Feolwa|* + Feolws|?)
+ Lper202325 + Lpeg21Z4Z¢ + L1Z3Z4W3 + L1Z5Z¢Wo
+ Lys2Z2124W0 + LyysrZo25W3 4+ Ly, 2301 W3 + Loy Z6W1 W2
+ LwZZ4w§ + LwZZE,U}%,
d’wg .
. et Q222324 + QuhesW1W3

+ w2 (Esgta/l21]? + Eso—ay2l22” + Eoo—ay2lzsl® + Ego—a2l24l?

+ E30_aj2|25]” + E30ta/20261> + Feolwi|? + Djws|* + Feolws|?)
+ Lperz124Z5 + Lpegz223Z¢ + L1Z5Z¢w1 + L1Z1Z2wW3
+ Lpz2Z326W3 + Liyz22124W1 + Lz Z5w1W2 + Loy, Z2Waws

+ szzf;w% + szzlwg,
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(A.171)

dwy
dt

= rws + QZZZE)ZG + QwhezEIEQ

+ w3 (E3g_ajl21]? + Esoyal22® + Eorayelzsl” + Eso—a/elzal’

+ Ego—ay2l25]° + Ego—a2)26|* + Feolwi|® + Feolws|? + D|ws|?)
+ Lpexz1Z326 + LpegzoZazs + L1Z1Z9Wo + L1Z3Z4W1
+ Lz 29Z5w1 + Loyysr23Z6W2 4+ Loz 21W2W3 + Ly Z4w1 W03

2 2
+ szZQUJQ + szzéiwl-

As before, the red terms (final line of (A.17a)-(A.17f) and final two lines of (A.17g)—(A.171))
are only present when ¢ = 1/4/7, as these terms arise from non-generic 4WIs for this wavenum-
ber. The weakly nonlinear expressions of the ODE coefficients in the eighteen mode system

for ¢ = 1/4/7 are

(A.18)

(A.19)
(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

8 1
zw:2 - - ’
Qe = 2Q1 — 2Q2 + = Qs

13
Q.. =2Q1 —2Q2 + 7@3,

thew = 2Q1 - 2@2 + Q37

2 1
Qwhem = 2Q1 - ?QQ =+ ?Q3a

Bgo =

Beotra =

— 26246Q? — 2624 —13127Q2
6561UO( 6246Q% + 39373Q1 Qa — 26246Q1 Qs — 13127Q3

+ 131210205 + 4@%) +30 — 3Cy + Cs,
o
270400070
+ 5407360205 + 351@3) 460, — 6Cy + 20,

( — 1081796Q% + 1623072Q1 Q- — 1081796Q1Q3 — 541276Q3

1
160009

+320205Q3 + 3Q§) 460, — 6Cy + 205,

( — 6404Q2 + 9612Q1Qs — 640401 Q5 — 320802

1
18662409

+ 8164780503 — 95953@3) 460, — 6Cy + 205,

< — 1318228Q? + 2100164Q, Q2 — 1318228Q1Q3 — 781936Q3

2
22052250

+2291081Q20Q3 — 6812@3) 460, — 6Cy + 205,

( — 4493750Q7 + 6815413Q1 Q2 — 4493750Q1Q3 — 2321663Q3
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Coo-o/2 = Trgae ( 854002 + 63720105 — 12200103 — 107202

(A.27) 18 5
46100205 + 21Q§) + 601 — —Cs + =05,
2
C3040/2 = 7( — 5561066Q7 + 4215499Q1 Q2 — 794438Q1Q3 — 698009Q3
‘ 1 2
+ 286241Q2Q3 + 91504@%) +6C; — 7802 + ?03,
1
Choayp = o ( 12882802 + 9536201 Q2 — 1840401 Q3 — 1464802
' 18 2
+4001Q2Q5 + 4375@3) +601 = —Ch + =Cs,
1
D= ( — 20678Q2 + 5803Q1 Qs — 2954Q1 Q3 — 407Q2
(A.30) 39690
' 3 1
+113Q2Q3 + 196Q§) +3C1 = 20y + =Cs,
Ego—a2 = ( — 8540Q7% + 10032Q1 Q2 — 8540Q1Q3 — 1408Q3
' 30
412400205 + 105@3) + 601 — =Cy + 20,
2
Bs04a/2 = 7< — 5561066Q7 + 6598813Q1Q2 — 5561066Q1Q3 — 1219817Q3
‘ 30
+1577153Q2Q5 — 403088@%) +6C1 — =Cp + 205,
1
B30 a2 = ( — 128828Q2 + 150574Q1 Q2 — 128828Q1 Q3 — 2842402
+3995305Q3 — 12425@%) 460, — 37002 4205,
1
Fso = ( — 2214802 + 6804Q1Qs — 3164Q1Q3 — 52002
6 2
+226Q2Qs + 147@3) +6C1 — 20y + =Cs,
1
K = W( — 605444Q7 + 786492Q1 Q2 — 345968Q1Q3 — 251728Q3
(A.35) go 20 .
+225130Q2Q; — 42303@3) + 601 = =Ch + =Cs,
1
Ky = 17< — 605444Q7% + 527016Q1 Q> — 86492Q1Q3 — 103456Q3
(A.36) 936000

18 2
123560203 + 46911@%) + 601 — —Cs + =0,
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(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

K3

Ly

Lhem

K Zww —

Kyw =

szz

waz =

— [ — 60544402 + 786492 — 345968 — 253648032

193600070 ( Q1+ Q1Q2 Q1Q3 Q3
2 30 8

+230890Q2Q3 — 46143Q3) +601 = =0y + =0,

— (- 605444Q2 + 786492 — 345968 17912802
19360007 ( Q1+ Q1Q2 Q1Q3 Q3

30 , 8
+ 7330Q2Qs + 102897Q3) + 6C — Oyt Gy,

1
1936000

30
+373402Q2Qs3 — 131517@3) +6C1 — 0y + 205,

< — 605444Q% + 786492Q1 Q2 — 605444Q1Q3 — 251728Q3

1

——( — 60544402 + 1045968 — 864920 — 44052402

19360000 ( Q1+ Q1Q2 Q1Q3 Q3
20

+ 7324600Q5Q3 — 301779@3) +6C1 — 605 + =Cs,

——( — 12955602 + 121436 — 18508 —23200Q2

5073600 ( Q1 + Q1Q2 Q1Q3 Q3

, 18 13
+ 8620505 + 3263Q3) + 601 — —Cs + 1705,
1
( — 22148Q7 + 994001 Q> + 6328Q1 Q3 — 968Q3
5184070

3 9
—125805Q5 — 371@3) +3C1 = 20— 2Ca,

1
2073600

+ 6803205Q4 — 19717@5) + 60, —

( — 129556Q% + 176960Q1 Q2 — 129556Q1Q3 — 51040Q3

30

4
—Cy + =C!
7 2+7 3

( — 22148Q7% + 19432Q1 Q2 — 12656Q1 Q3 — 3386Q3

259200
, 18 8
+ 3770Q2Q3 — 755Q3> + 601 = —Ch + =Cs,
1

( — 2214802 + 19432Q1 Qs — 12656Q1Q3 — 329602

518400
9 4

+ 35000203 — 575@3) +3C1 = 2Ca + =Cs.

The coefficients for other values of ¢ can be calculated in a similar manner.

Appendix B. Pattern Classification. In section 4 we introduced a pattern classification
method to categorize the patterns in the PDE solutions. Here we present some of the finer
details of the method including how TC and STC are differentiated, the classification of
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patterns with defects, and the thresholds for the metrics categorizing the time dependence of
solutions.

B.1. Fuzziness and Defects. One of the classification criteria in our method is based on
the number of peaks in the Fourier spectrum of the pattern close to the two critical circles.
When a pattern has defects or modulation, the values for P; and F,—the number of peaks
in the k£ = 1 and k = ¢ annuli respectively—may not be the same as those in Table 1 for the
given pattern. Here we introduce the concept of fuzzy peaks in the Fourier spectrum to help
identify patterns with defects and modulation. Figure 23 shows a PDE solution (w-hexagons)
with no fuzziness, and Figure 24 shows two examples with fuzziness (w-hexagons and w-
stripes with defects). In section 4 we described how we discretized the annuli in the Fourier
spectrum into segments, such that a segment contained a peak if a mode in that segment had
an amplitude that is larger than one third of the largest amplitude across both circles and
larger than its two neighbors on either side. We now define a segment to contain fuzziness if
the largest amplitude of that segment is greater than two-fifteenths of the largest amplitude
across both circles and that segment does not contain a peak. If there is at least one fuzzy
segment in either annulus, then we say the pattern has fuzziness, and a fuzzy peak is a peak
with adjoining fuzzy segments.

We differentiate between perfect patterns and patterns with modulation or defects by
considering the level of fuzziness in the Fourier spectrum. Counting the number of segments
containing fuzziness is also used to differentiate between TC and STC. If a TC solution has
more than half of the segments in each annulus containing either fuzziness or a peak, then we
classify the solution as STC.

Both of the solutions in Figure 24 have fuzziness and six peaks in the k = ¢ annulus,
but only one of these corresponds to w-hexagons. The other solution consists of multiple
orientations of w-stripes (with defects), and so would be incorrectly classified by just counting
peaks. To ensure examples such as this are categorized correctly, we compute a local Fourier
transform on a small region of the domain for any solution that has six or more fuzzy peaks in
the £ = ¢ annulus. We do not find any examples of solutions that were incorrectly classified
from the number of peaks on the k = 1 circle (such as multiple orientations of z-stripes).
Therefore, we do not repeat this analysis for the case with six or more peaks on the £ = 1
circle.

We perform the local Fourier analysis on three equally sized square patches of the domain
to try and capture a section of the pattern with no defects. The patches are 6 x 6 repetitions
of the longer wavelength (k = ¢) pattern, which is approximately 15.87 x 15.87 repetitions
of the shorter wavelength (k = 1) pattern. The width of the patch is three-eights of that in
the full domain, so three-eights of the number of Fourier modes in the full domain is used
when computing the local Fourier transform. Following the approach introduced by [53],
we apply a 2D Hann window to each patch. This is a smoothing function that sets the
boundaries of the pattern to zero. Without the smoothing function, the patch would not
satisfy periodic boundary conditions, which would result in high-frequency contributions in
its Fourier spectrum. A Fourier transform is then applied to the patch, and we proceed with
counting the peaks in each annulus as outlined in section 4, but taking segments of 10° instead
of 5° to account for the less dense Fourier mesh.
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Figure 23: Solution of w-hexagons with r = 0.5 and x = 175° where (u, ) = (r cos x, rsin x),
and with Ql = —1.06, QQ = —2, Q3 = —0.8, Cl = —1.3, 02 = —5, 03 = —15 and agp = —2.
Panel (a) shows the solution at the final computed time, and (b) the corresponding Fourier
spectrum. Panels (c) and (d) show the largest amplitudes of modes in each segment of the
two annuli as a function of an angle ky. We define ky as the angular lower bound (in degrees)
of each segment of the annulus, with the angle measured from the positive k, axis. The small
contributions in the &k = 1 annulus arise from 4WIs and are not large enough to be classed as
a peak or fuzziness.

The local Fourier analysis for both patterns of Figure 24 is in Figure 25. The left column
shows the full simulated domain of the solution and its Fourier spectrum. The middle column
shows one of the patches taken from the solution and its Fourier spectrum, both before the
Hann window has been applied. There are large contributions in the Fourier spectrum for
the untreated patch close to the £k, and k, axes owing to the patch not satisfying periodic
boundary conditions. The final column shows the patch and Fourier spectrum with the Hann
window applied. There are now no large wavenumber contributions to the spectrum and both
solutions are classified correctly: six fuzzy peaks for the w-hexagons and two fuzzy peaks for
the w-stripes.

A significant portion of the pattern is lost when the Hann window is applied, therefore
the size of the patch needs to be large enough such that there are enough Fourier modes to
correctly classify the pattern, whilst not being too large to reduce the likelihood that there are



50 L. PINKNEY, A. M. RUCKLIDGE AND C. BEAUME

028 0.10
013 oos
-0.02 [
™
0.06
017 Y
2
0333 004
r £
048 %
0.63 0.02
0.78
DS R O RO Y I Y PO
0.10
o 0.08
]
X
o 0.06
e
=1
=
5 0.04
1
S <
. R A 0.02
-15 0.00 MMM
215 -10 -05 00 05 10 15 0 50 100 150 200 250 300 350
kx ke
0.70
0.12
0.47
0.10
024
Il
0.00 & 0.08
3
023 5006
=
046 o
€ 0.04
069 <
0.93 0.02
-1.16 0.00
o
Il
¢ O
[
°
)
=
a
g o
<
-15 .00
~15 -1.0 -05 00 05 1.0 15 0 50 100 150 200 250 300 350
kx ke

Figure 24: Two different patterns each with six peaks in the k¥ = ¢ annulus for Q1 = —1.06,
Q2 = =2, Q3 = =08, Cy = =5, C3 = —15 and o9 = —2. The values of C, r and x are:
(a) Ch = —1.3, r = 0.5 and x = 170° (w-hexagons); (b) C; = —1.4, r = 0.45 and x = 105°
(w-stripes). The red arrows in (b) mark the locations of the six peaks. The layout of the
panels is the same as in Figure 23.
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Figure 25: Examples of windowing analysis on the solutions in Figure 24. The w-stripe pattern
(bottom two rows) was initially incorrectly classified, but after applying the Hann window,
the solution is classified correctly.

defects within the patch. We repeat this analysis for three patches, in case some of the patches
contain defects. We have found three patches to be enough to classify all of our simulations
correctly.

B.2. Time Dependence Thresholds. In section 4 we defined three metrics: C;, C, and
C3 to classify the time dependence of each solution. The first of these is C; and has two
thresholds that categorize the solutions as one of equilibrium, slow time-dependent or fast
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time-dependent. The second is C and has one threshold that differentiates between small
time variations and large time variations. This is determined by computing the rate of change
of C1(t). The final metric is Cs, which categorizes patterns with no spatial change, patterns
with small spatial change and patterns with large spatial change. The thresholds for each
metric is given in Table 2.

‘ Value ‘ Time Dependence ‘ ‘ Value ‘ SV H Value ‘ Spatial Change ‘
Ci < 5~>< 10-8 Equilibrium Co<1x107%| True C3<5x107* Both False
5x1078<C <1x1073 Slow 5x 1074 <C3 <5x1073 SSC = True
1x1073<C Fast Co>1x10"% | False 5x 1073 < C3 LSC = True

Table 2: Classification values for each of quantities C;, Co and C3. We use SV to refer to
small time variations in the solution and SSC (LSC) for small (large) spatial change. These
intervals were determined by directly observing correlations between the values of these three
quantities and the patterned solution for multiple sets of simulations.

Acknowledgments. The authors thank Ron Lifshitz, Priya Subramanian, Dan Hill and
David Lloyd for stimulating conversations. LP is grateful for a Leeds Doctoral Scholarship
from the University of Leeds. The data associated with this paper are openly available from
the University of Leeds Data Repository (https://doi.org/10.5518/1819) [48]. This work was
undertaken on ARC4 and Aire, part of the High Performance Computing facilities at the
University of Leeds, UK. For the purpose of open access, the authors have applied a Creative
Commons Attribution (CC BY) license to any Author Accepted Manuscript version arising
from this submission.

REFERENCES

[1] M. BESTEHORN AND C. PEREZ-GARCIA, Study of a model of thermal convection in cylindrical containers,
Physica D, 61 (1992), pp. 67-76.

[2] M. C. Cross AND P. C. HOHENBERG, Pattern formation outside of equilibrium, Rev. Mod. Phys., 65
(1993), pp. 851-1112.

[3] K. M. S. Bajaj, J. Liu, B. NABERHUIS, AND G. AHLERS, Square patterns in Rayleigh-Bénard convection
with rotation about a vertical axis, Phys. Rev. Lett., 81 (1998), pp. 806-809.

[4] M. FARADAY, On a peculiar class of acoustical figures; and on certain forms assumed by groups of particles
upon vibrating elastic surfaces, Philos. Trans. R. Soc. London, Ser. A, 3 (1831), pp. 49-51.

[5] M. T. WESTRA, D. J. BINKS, AND W. VAN DE WATER, Patterns of Faraday waves, J. Fluid. Mech., 496
(2003), pp. 1-32.

[6] S. Fauve, K. KuMAR, C. LAROCHE, D. BEYSENS, AND Y. GARRABOS, Parametric instability of a
liquid-vapor interface close to the critical point, Phys. Rev. Lett., 68 (1992), pp. 3160-3163.

[7] L. DAUDET, V. EGO, S. MANNEVILLE, AND J. BECHHOEFER, Secondary instabilities of surface waves on
viscous fluids in the Faraday instability, Europhys. Lett., 32 (1995), pp. 313-318.

[8] A. KUDROLLI AND J. GOLLUB, Patterns and spatiotemporal chaos in parametrically forced surface waves:
A systematic survey at large aspect ratio, Physica D, 97 (1996), pp. 133-154.

[9] H. ARBELL AND J. FINEBERG, Pattern formation in two-frequency forced parametric waves, Phys. Rev.
E, 65 (2002), 036224.

[10] W. S. EDWARDS AND S. FAUVE, Parametrically excited quasicrystalline surface waves, Phys. Rev. E, 47

(1993), pp. R788-R791.


https://doi.org/10.1016/0167-2789(92)90149-H
https://doi.org/10.1103/RevModPhys.65.851
https://doi.org/10.1103/PhysRevLett.81.806
https://doi.org/10.1103/PhysRevLett.81.806
https://doi.org/10.1098/rstl.1831.0018
https://doi.org/10.1098/rstl.1831.0018
https://doi.org/10.1017/S0022112003005895
https://doi.org/10.1103/PhysRevLett.68.3160
https://doi.org/10.1103/PhysRevLett.68.3160
https://doi.org/10.1209/0295-5075/32/4/005
https://doi.org/10.1209/0295-5075/32/4/005
https://doi.org/10.1016/0167-2789(96)00099-1
https://doi.org/10.1016/0167-2789(96)00099-1
 https://doi.org/10.1103/PhysRevE.65.036224
https://doi.org/10.1103/PhysRevE.47.R788

PATTERN FORMATION WITH TWO LENGTH SCALES: SPATIOTEMPORAL CHAOS 53

[11] W. S. EDWARDS AND S. FAUVE, Patterns and quasi-patterns in the Faraday experiment, J. Fluid. Mech.,
278 (1994), pp. 123-148.

[12] A. KubproLLl, B. PIER, AND J. GOLLUB, Superlattice patterns in surface waves, Physica D, 123 (1998),
pp. 99-111.

[13] H. W. MULLER, Periodic triangular patterns in the Faraday experiment, Phys. Rev. Lett., 71 (1993),
pp. 3287-3290.

[14] J. BEYER AND R. FRIEDRICH, Faraday instability: Linear analysis for viscous fluids, Phys. Rev. E, 51
(1995), pp. 1162-1168.

[15] M. SILBER AND A. C. SKELDON, Parametrically excited surface waves: Two-frequency forcing, normal
form symmetries, and pattern selection, Phys. Rev. E, 59 (1999), pp. 5446-5456.

[16] M. SILBER, C. M. TorAaz, AND A. C. SKELDON, Two-frequency forced Faraday waves: Weakly damped
modes and pattern selection, Physica D, 143 (2000), pp. 205-225.

[17] J. PORTER AND M. SILBER, Resonant triad dynamics in weakly damped Faraday waves with two-frequency
forcing, Physica D, 190 (2004), pp. 93-114.

[18] Y. DING AND P. UMBANHOWAR, Enhanced Faraday pattern stability with three-frequency driving, Phys.
Rev. E, 73 (2006), 046305.

[19] A. M. RUCKLIDGE AND M. SILBER, Design of parametrically forced patterns and quasipatterns, SIAM J.
Appl. Dyn. Syst., 8 (2009), pp. 298-347.

[20] A. C. SKELDON AND A. M. RUCKLIDGE, Can weakly nonlinear theory explain Faraday wave patterns
near onset?, J. Fluid. Mech., 777 (2015), pp. 604-632.

[21] R. B. HOYLE, Pattern Formation: An Introduction to Methods, Cambridge University Press, Cambridge,
2006.

[22] A. M. RUCKLIDGE, M. SILBER, AND A. C. SKELDON, Three-wave interactions and spatiotemporal chaos,
Phys. Rev. Lett., 108 (2012), 074504.

[23] J. K. CasTELINO, D. J. RATLIFF, A. M. RUCKLIDGE, P. SUBRAMANIAN, AND C. M. ToPAZ, Spa-
tiotemporal chaos and quasipatterns in coupled reaction—diffusion systems, Physica D, 409 (2020),
132475.

[24] A. C. SKELDON AND G. GUIDOBONI, Pattern selection for Faraday waves in an incompressible viscous
fluid, STAM J. Appl. Math., 67 (2007), pp. 1064-1100.

[25] W. ZHANG AND J. VINALS, Pattern formation in weakly damped parametric surface waves, J. Fluid.
Mech., 336 (1997), pp. 301-330.

[26] W. ZHANG AND J. VINALS, Pattern formation in weakly damped parametric surface waves driven by two
frequency components, J. Fluid. Mech., 341 (1997), pp. 225-244.

[27] T. BEssON, W. S. EDWARDS, AND L. S. TUCKERMAN, Two-frequency parametric excitation of surface
waves, Phys. Rev. E, 54 (1996), pp. 507-513.

[28] T. EPSTEIN AND J. FINEBERG, Grid states and nonlinear selection in parametrically excited surface waves,
Phys. Rev. E, 73 (2006), 055302.

[29] P. SUBRAMANIAN, P. RIYAPAN, AND A. M. RUCKLIDGE, Mode interactions between two length scales. In
preparation.

[30] G. Iooss AND A. M. RUCKLIDGE, Patterns and quasipatterns from the superposition of two hexagonal
lattices, STAM J. Appl. Dyn. Syst., 21 (2022), pp. 1119-1165.

[31] R. LirsHITZ AND D. M. PETRICH, Theoretical model for Faraday waves with multiple-frequency forcing,
Phys. Rev. Lett., 79 (1997), pp. 1261-1264.

[32] I. BERENSTEIN, M. DOLNIK, L. YANG, A. M. ZHABOTINSKY, AND 1. R. EPSTEIN, Turing pattern forma-
tion in a two-layer system: Superposition and superlattice patterns, Phys. Rev. E, 70 (2004), 046219.

[33] W.-L. Fan, T.-K. DENgG, S. Liu, R.-Q. Liu, Y.-F. HE, Y.-H. Liu, Y.-N. Liu, axDp F.-C. Liu, Spa-
tiotemporal patterns in coupled reaction-diffusion systems with nonidentical kinetics, Phys. Rev. E,
111 (2025), 024210.

[34] J. J. BENNETT, B. K. BERA, M. FERRE, H. Y1ZHAQ, S. GETZIN, AND E. MERON, Phenotypic plasticity:
A missing element in the theory of vegetation pattern formation, Proc. Natl. Acad. Sci. U.S.A., 120
(2023), €2311528120.

[35] J. GUCKENHEIMER AND A. MAHALOV, Resonant triad interactions in symmetric systems, Physica D, 54
(1992), pp. 267-310.

[36] M. R. E. PROCTOR AND C. A. JONES, The interaction of two spatially resonant patterns in thermal


https://doi.org/10.1017/S0022112094003642
https://doi.org/10.1016/S0167-2789(98)00115-8
https://doi.org/10.1103/PhysRevLett.71.3287
https://doi.org/10.1103/PhysRevE.51.1162
https://doi.org/10.1103/PhysRevE.59.5446
https://doi.org/10.1103/PhysRevE.59.5446
https://doi.org/10.1016/S0167-2789(00)00102-0
https://doi.org/10.1016/S0167-2789(00)00102-0
https://doi.org/10.1016/j.physd.2003.09.044
https://doi.org/10.1016/j.physd.2003.09.044
https://doi.org/10.1103/PhysRevE.73.046305
https://doi.org/10.1137/080719066
https://doi.org/10.1017/jfm.2015.388
https://doi.org/10.1017/jfm.2015.388
https://doi.org/10.1103/PhysRevLett.108.074504
https://doi.org/10.1016/j.physd.2020.132475
https://doi.org/10.1016/j.physd.2020.132475
https://doi.org/10.1137/050639223
https://doi.org/10.1137/050639223
https://doi.org/10.1017/S0022112096004764
https://doi.org/10.1017/S0022112097005387
https://doi.org/10.1017/S0022112097005387
https://doi.org/10.1103/PhysRevE.54.507
https://doi.org/10.1103/PhysRevE.54.507
 https://doi.org/10.1103/PhysRevE.73.055302
 https://doi.org/10.1137/20M1372780
 https://doi.org/10.1137/20M1372780
https://doi.org/10.1103/PhysRevLett.79.1261
https://doi.org/10.1103/PhysRevE.70.046219
https://doi.org/10.1103/PhysRevE.70.046219
https://doi.org/10.1103/PhysRevE.111.024210
https://doi.org/10.1103/PhysRevE.111.024210
https://doi.org/10.1073/pnas.2311528120
https://doi.org/10.1073/pnas.2311528120
https://doi.org/10.1016/0167-2789(92)90040-T
https://doi.org/10.1017/S0022112088000746
https://doi.org/10.1017/S0022112088000746

54

L. PINKNEY, A. M. RUCKLIDGE AND C. BEAUME

37]
(38]
(39]
(40]
(41]
42]
(43]
(44]
(45]

(46]

(47]
(48]
(49]
[50]
[51]
[52]
(53]

[54]

convection. Part 1. Exact 1:2 resonance, J. Fluid. Mech., 188 (1988), pp. 301-335.

. DIONNE AND M. GOLUBITSKY, Planforms in two and three dimensions, Z. Angew. Math. Phys., 43

(1992), pp. 36-62.

. DIONNE, M. SILBER, AND A. C. SKELDON, Stability results for steady, spatially periodic planforms,

Nonlinearity, 10 (1997), pp. 321-353.

. BATEs, D. BRAKE, AND M. NIEMERG, Paramotopy: Parameter Homotopies in Parallel, Springer

International Publishing, Cham, 2018.

. J. BATES, A. J. SOMMESE, J. D. HAUENSTEIN, AND C. W. WAMPLER, Numerically Solving Polynomial

Systems with Bertini, STAM, Philadelphia, PA, 2013.

. SWIFT AND P. C. HOHENBERG, Hydrodynamic fluctuations at the convective instability, Phys. Rev. A,

15 (1977), pp. 319-328.

. P. SETHNA, Statistical Mechanics: Entropy, Order Parameters and Complexity, Oxford University

Press, Oxford, 2006.

. Cox AND P. MATTHEWS, Ezponential time differencing for stiff systems, J. Comput. Phys., 176 (2002),

pp. 430-455.

. BEYLKIN, J. M. KEISER, AND L. VOz0oVv01, A new class of time discretization schemes for the solution

of monlinear PDEs, J. Comput. Phys., 147 (1998), pp. 362-387.

-K. Kassam AND L. N. TREFETHEN, Fourth-order time-stepping for stiff PDEs, SIAM J. Sci. Comput.,

26 (2005), pp. 1214-1233.

. VIRTANEN, R. GoMmMERS, T. E. OrLiPHANT, M. HABERLAND, T. REDDY, D. COURNAPEAU,

E. Burovski, P. PETERSON, W. WECKESSER, J. BRIGHT, S. J. VAN DER WaLT, M. BRETT,
J. WiLson, K. J. MiLLMAN, N. MAyorov, A. R. J. NELsoN, E. JONES, R. KErRN, E. LARSON,
C. J. CaRrgy, 1. Porar, Y. FENG, E. W. MOORE, J. VANDERPLAS, D. LAXALDE, J. PERKTOLD,
R. CiMRMAN, I. HENRIKSEN, E. A. QUINTERO, C. R. HARRIS, A. M. ARCHIBALD, A. H. RIBEIRO,
F. PEDREGOSA, P. VAN MULBREGT, AND SCIPY 1.0 CONTRIBUTORS, SciPy 1.0: Fundamental Algo-
rithms for Scientific Computing in Python, Nat. Methods, 17 (2020), pp. 261-272.

. BuzaNoO AND M. GOLUBITSKY, Bifurcation on the hexagonal lattice and the planar Bénard problem,

Philos. Trans. R. Soc. London, Ser. A, 308 (1983), pp. 617-667.

. PINKNEY, A. M. RUCKLIDGE, AND C. BEAUME, Dataset for ‘Spatiotemporal chaos driven by nonlinear

interactions with two critical wavenumbers’, 2026.

. POMEAU AND P. MANNEVILLE, Intermittent transition to turbulence in dissipative dynamical systems,

Commun. Math. Phys., 74 (1980), pp. 189-197.

. YANAGITA AND K. KANEKO, Rayleigh-Bénard convection patterns, chaos, spatiotemporal chaos and

turbulence, Physica D, 82 (1995), pp. 288-313.

. L. REMPEL AND A. C.-L. CHIAN, Origin of transient and intermittent dynamics in spatiotemporal

chaotic systems, Phys. Rev. Lett., 98 (2007), 014101.

. L. REMPEL, A. C.-L. CHiAN, AND R. A. MIRANDA, Chaotic saddles atl the onset of intermittent

spatiotemporal chaos, Phys. Rev. E, 76 (2007), 056217.

. R. JANY, A. Janas, aND F. KROK, Automatic microscopic image analysis by moving window local

Fourier transform and machine learning, Micron, 130 (2020), 102800.

. SUBRAMANIAN, A. J. ARCHER, E. KNOBLOCH, AND A. M. RUCKLIDGE, Three-dimensional icosa-

hedral phase field quasicrystal, Phys. Rev. Lett., 117 (2016), p. 075501, https://doi.org/10.1103/
PhysRevLett.117.075501.

. CviTANOVIC, R. ARTUSO, R. MAINIERI, G. TANNER, AND G. VATTAY, Chaos: Classical and Quantum,

Niels Bohr Inst., Copenhagen, 2016.

. Azimi, O. ASHTARI, AND T. M. SCHNEIDER, Constructing periodic orbits of high-dimensional chaotic

systems by an adjoint-based variational method, Phys. Rev. E, 105 (2022), 014217.

. BECK, J. P. PARKER, AND T. M. SCHNEIDER, Data-driven guessing and gluing of unstable periodic

orbits, Phys. Rev. E, 112 (2025), 024203.

. BECK AND T. M. SCHNEIDER, Identifying recurrent flows in high-dimensional dissipative chaos from

low-dimensional embeddings, preprint, arXiv:2601.01590 [nlin.CD], (2026).

. H. NAYFEH, Perturbation Methods, Wiley, New York, 1973.
. LUONGO AND A. PAOLONE, On the reconstitution problem in the multiple time-scale method, Nonlinear

Dyn., 19 (1999), pp. 135-158.


https://doi.org/10.1017/S0022112088000746
https://doi.org/10.1017/S0022112088000746
https://doi.org/10.1017/S0022112088000746
https://doi.org/10.1007/BF00944740
https://doi.org/10.1088/0951-7715/10/2/002
https://doi.org/10.1137/1.9781611972702
https://doi.org/10.1137/1.9781611972702
https://doi.org/10.1103/PhysRevA.15.319
https://doi.org/10.1006/jcph.2002.6995
https://doi.org/10.1006/jcph.1998.6093
https://doi.org/10.1006/jcph.1998.6093
https://doi.org/10.1137/S1064827502410633
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.1098/rsta.1983.0018
https://doi.org/10.5518/1819
https://doi.org/10.5518/1819
https://doi.org/10.1007/BF01197757
https://doi.org/10.1016/0167-2789(94)00233-G
https://doi.org/10.1016/0167-2789(94)00233-G
https://doi.org/10.1103/PhysRevLett.98.014101
https://doi.org/10.1103/PhysRevLett.98.014101
 https://doi.org/10.1103/PhysRevE.76.056217
 https://doi.org/10.1103/PhysRevE.76.056217
https://doi.org/10.1016/j.micron.2019.102800
https://doi.org/10.1016/j.micron.2019.102800
https://doi.org/10.1103/PhysRevLett.117.075501
https://doi.org/10.1103/PhysRevLett.117.075501
https://doi.org/10.1103/PhysRevE.105.014217
https://doi.org/10.1103/PhysRevE.105.014217
https://doi.org/10.1103/9vjc-g86s
https://doi.org/10.1103/9vjc-g86s
https://doi.org/10.48550/arXiv.2601.01590
https://doi.org/10.48550/arXiv.2601.01590
https://doi.org/10.1023/A:1008330423238

	Introduction
	Amplitude Equations
	Model PDE and Weakly Nonlinear Analysis
	Pattern Classification
	Numerical Results
	Chaos Driven by Three-Wave Interactions
	Chaos Driven by Four-Wave Interactions
	Chaos Driven by both Three-Wave and Four-Wave Interactions

	Onset of Chaos
	Conclusions
	Appendix A. Weakly Nonlinear Analysis
	Appendix B. Pattern Classification
	Fuzziness and Defects
	Time Dependence Thresholds

	Acknowledgments

