MATH5453M Foundations of Fluid Dynamics
Lecture 19: High Reynolds number flow and boundary layers

See: Acheson, chapter 8; Tritton, chapter 11; Kundu, chapter 10.

19.1 High Reynolds Number Flow

When the Reynolds number is large, we can no longer neglect advection. By choosing appropriate scales for the fluid
velocity, the distances and the pressure the Navier—Stokes equation can be written in the following non-dimensional
form:
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It follows naively that the viscous term pV2u can be neglected for sufficiently high Reynolds numbers so that the flow
is given by solutions to the inviscid Euler equations. However, in neglecting this term, we are removing the highest
spatial derivative from the equation and are no longer able to satisfy all the boundary conditions. In particular, the
no-slip boundary condition at the surface derives from a viscous effect and cannot be imposed on solutions of the Euler
equations. The solution to this apparent paradox is that, near boundaries, the relevant lengthscale for the viscous term
is not L (the lengthscale of the flow geometry) but a smaller length § such that the viscous term is comparable in
magnitude with the other terms in the equation. Balancing the viscous term with advection requires that
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Hence, for high Reynold number flows in the presence of a rigid boundary, there are two different lengthscales governing
the flow: L and §. Away from boundary, the fluid is effectively inviscid and can be approximated by solutions of the
Euler equations. Close to the boundary, there exists a thin layer of fluid near the boundary, where viscous effects remain
important.

19.2 The Prandtl boundary layer

We consider the developing boundary layer sketched below.
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Such a two-dimensional stationary flow is governed by the following Navier—Stokes equations:
p (udyu+ voyu) = —0,p+ p (O2u + 8511) , (5)
p (udyv + vdyv) = —0yp+ p (92v + 851}) , (6)

where p is the fluid density, u is the streamwise (z-) velocity, v the wall-normal (y-) velocity, p is the pressure and p is
the fluid dynamic viscosity. The flow is incompressible, so we pose:

Opu+ Oyv = 0. (7
Lastly, the boundary conditions are:

u=v=0 at y =0, (8)
(u,v) — (U,0) at y — oo. (9)



Dynamics occur on a(n arbitrary) length scale L in the streamwise direction and §, the boundary layer thickness,
in the wall-normal direction. The spatial derivatives then follow the scalings:
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In addition, these length scales are not comparable: L > §. We can thus introduce a small parameter ¢ < 1 such that:
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The streamwise velocity u is of the same order of magnitude as the velocity infinitely far away from the plate U but
the order of magnitude of the wall-normal velocity v is yet to be determined. To that end, we assume that both terms
in the incompressibility constraint are of the same order of magnitude:
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which gives:
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implying that the wall-normal velocity is smaller than the streamwise one.
We can now rescale the wall-normal quantities according to the streamwise quantities. We define the rescaled
quantities by:
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pr = %, (19)

where the pressure is nondimensionalised in such a way that it remains of the same order of magnitude as the other
terms.

Remark: in the case of an incompressible flow, the pressure can be thought of as a mathematical function whose
role is to ensure incompressibility.

Using the dimensionless variables, the incompressibility constraint reads:
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yielding:
Og=t™ + Oy=v" = 0. (21)
Similarly, the Navier—Stokes equation becomes:
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and simplifies into:
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where we have introduced the Reynolds number Rey, = pUL/p.



We are interested in Rey, > 1. As € < 1, the term 92.u*/Rey, is the smallest term in equation (24) and 92.v*/Rey,
is the smallest term in equation (25). We drop them.

To keep a balance between advection (left-hand-side) and diffusion (right-hand-side), and therefore retain sensible
physics, we impose €2Re;, = 1. As a result, the small quantity we have introduced is now related to the Reynolds
number:
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Consequently, the leading order of system (24), (25) is:
U Dt + Oyt = =0y p* 4 O2cu”, (27)
dyep* =0, (28)

where equation (28) implies that the pressure does not vary across the boundary layer, but only along it.
We can then express the pressure at any point in the critical layer by applying the Bernoulli equation on a streamline

away from the boundary layer:
2

p+ % = cst, (29)
which gives in dimensionless form:
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Outside the boundary layer, the velocity is u* = 1, so we have:
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a relation valid for all y*.
The resulting set of reduced equations for the boundary layer writes:

Op-u* + 0y-v* =0, (33)
U Oprt™ + 0¥ Oyu* = 3§*u*, (34)
and is to be solved together with the following boundary conditions:

u*=v*=0 at y* =0, (35)
ut —1 at y* — oo. (36)

A second boundary condition for v is not necessary as v is only derived once with respect to y in the above equations.

19.3 The Blasius boundary layer
While studying the dimensional boundary layer equations:

Dyt + Dyv = 0, (37)
udpu + vdyu = voiu, (38)

where v = p/p, Blasius conjectured that the boundary layer is self-similar, i.e., that at any given point along the
boundary layer, the velocity profile is the same to a stretching factor on the spatial dimension. He wrote:

n=vy (U) v : uoy) f(m), (39)
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where f(n) is a dimensionless quantity and f’(n) denotes its derivative with respect to the dimensionless wall-normal
coordinate 7.

One of the virtues of this rescaling is that the wall-normal direction is rescaled by a quantity proportional to the
laminar boundary layer thickness. In other words, the laminar boundary layer is mapped onto a rectangle.

As the flow is incompressible and two-dimensional, we introduce a streamfunction  such that:

u = O0yt, v = —0z. (40)



The incompressibility constraint is automatically verified:

Optt + Oyv = 05 (0yy)) + O0y(—0z¢) = 0. (41)
Using the streamfunction, equation (38) reduces down to:
Oyt 0p0y1h — Oy1p O2tp = vO). (42)

Equation (42) has yet to be written in terms of Blasius’s variables (39). To do so, we note that the definition of the
streamfunction (40) implies:

Uf'(n) = 0pbOyn (43)
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providing the new definitions:
¢ =Un(x)f(n), (@) = (va/U)Y2. (45)
With these new variables, the spatial derivatives of ¥ become:
Oty =U (07 f + 70y fOum) (46)
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and:
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where v/ = 0,y and f' = 0, f.
The terms of equation (42) therefore become:
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In the end, equation (42) simplifies into:
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F 4 Uy' ’yff —0. (63)



The variable + is easily obtained from definition (45) and yields U~’y/v = 1/2. The equation Blasius obtained for the
dimensionless quantity f is then:

1
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This equation is complemented with the boundary conditions (35) and (36) that now write:
f,:f207 n =0, (65)
=1, n — 00. (66)

Equation (64) is generally solved numerically, as below.
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This laminar boundary layer solution is self-similar: the same profile holds at any given position x along the boundary
layer, the only change being a stretching coefficient in the wall-normal direction as 7 is a linear function of y and depends
on x.

The boundary layer equation (64) and this solution are valid for € [0; Lynq.] and 7 € RT, where Ly, represents
the point at which a change in dynamics occurs that violates one of the hypotheses made. This point can arise due
to a transition where the boundary layer becomes turbulent. There, wall-normal velocities become of the same order
as streamwise velocities because of the creation and advection of eddies and the whole analysis carried out here breaks
down.

Since u/U — 1 as n — oo, we can define the boundary layer thickness as the region in which «/U < 0.99, or in
other words f’ < 0.99. The data from the figure above provides a boundary layer thickness of 1 ~ 5.0. Therefore:
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19.4 Pressure gradient and boundary layer separation

Since the velocity is zero on y = 0, the x-component of the Navier—Stokes equation (?7?) reduces to
dp 0%u
dr = ﬂany |y=0 .

Moreover, since 9v/dz = 0 at y = 0, the vorticity becomes w = —0u/dy so that
dp Ow

dx “aTJ ly=0 -

The sign of the vorticity gradient at the wall is thus determined by the external pressure gradient. Considering an
external flow in the positive = direction, we expect the vorticity in the boundary layer is negative on average. If the



pressure gradient becomes positive in the boundary layer (this can happen as the flow slows down), the vorticity gradient
at the wall will be in the wrong direction. A large enough pressure gradient will drive a boundary layer flow in the
opposite direction to the external flow, leading to separation of the boundary layer from the wall.

Classical boundary layer theory is unable to analyse the point of separation because the equations become singular

at a point where du/dy = 0. Instead, a more complex three layer or “triple deck” structure is required, but we will not
discuss this here.

Instead, let us consider the case of flow past a cylinder.
Potential flow calculations give the pressure distribution at
the surface of the cylinder:

1
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Hence moving from the front stagnation point to the rear the pressure gradient is given by
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The pressure gradient is therefore negative from § = 7 to # = 7/2 but then becomes positive, leading to separation of
the boundary layer and generating a wake behind the cylinder.

Turbulent boundary layers tend to separate further downstream, yielding smaller wakes and, hence, a lower drag.
This is the reason why golf balls have dimples and cricket balls swing.
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