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1. Consider the velocity field

u = (4x+ 2z,−4y,−2x) .

(a) Find the equation of the particle path that passes through the general point (x0, y0, z0)

at t = 0.

(b) Calculate ∇ · u, ∇× u and (u · ∇)u.

(c) Find the velocity gradient tensor ∇u and determine the strain-rate E and vorticity

tensor Ω. Verify that Ωij = −1
2εijkωk where ω = ∇× u. Describe the flows associated

with E and Ω.

2. Show that the velocity field u = (αx,−αy, 0), where α is a constant, satisfies the Navier–

Stokes equation:

ρ
Du

Dt
= −∇p+ µ∇2u,

and determine the associated pressure p.

3. Use index notation to show that

(u · ∇) u =
1

2
∇|u|2 − u× (∇× u),

∇2u = ∇(∇ · u)−∇× (∇× u).

Hence show for an incompressible fluid that the Navier–Stokes equation:

ρ
Du

Dt
= −∇P + ρg + µ∇2u,

can be re-written as:

∂u

∂t
− u×ω = −∇

(
P

ρ
+

1

2
|u|2 − g · x

)
− ν∇×ω,

where ω = ∇× u is the vorticity and ν = µ/ρ is the kinematic viscosity.
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