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Chapter 1

Flow regimes

In this Chapter, we introduce duct ows and the main types of regiras these ows exhibit.
We will in particular use the example of circular pipe ow as a qualitative ase of study.

1.1 Examples of duct ows

1.1.1 Oil extraction

Oil reservoirs are found at various depths within the Earth's crusand are generally
sandwiched between two layers of shale. Upon nding a natural oikservoir, several
techniques are employed to extract the oil. A schematic of this sittian is shown in
gure 1.1.

The rst and conceptually simplest technique consists in creating amil well by drilling
a long hole into the Earth and placing a duct in it, connecting the reseoir oil to surface
storage facilities. The oil reservoir possesses a higher pressiiantthe atmospheric one,
thus the oil is pushed upwards along the duct. During this processther phenomena
start to play a role, such as viscous friction. Indeed, to move up ¢hduct, the oil has to
overcome its own resistance to ow against the walls.

When the pressure di erence is no longer su cient to drain oil, othetechniques must
be employed. Stream injection ranks among the favorite alternatg in which a second
hole is created to inject steam. The e ect on the oil is two-fold. Ashe volume of the
reservoir is xed, the addition of steam increases the pressuredapushes the oil further
upwards in the duct. In addition, the increase in temperature resting from the mixing
of hot steam with cold oil reduces the viscosity of the latter which Hgs it go through the
duct.
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Figure 1.1: Schematic of an oil extraction site showing the oil reservai sandwiched between
two shale layers, an oil extractor and a steam injector.

1.1.2 Pipeline transport

Once the oil is extracted, transport systems have to be designtxbring the oil to storage
or treatment sites. For large volume transport between two xedbites, pipelines, such as
the Trans-Alaska Pipeline System (TAPS), o er a great solution. Tis pipeline system
was built between 1974 and 1977 to connect the Prudhoe Bay oil eltNorth in gure
1.2) to Valdez (South in gure 1.2). The pipeline is 1300km long, has a diameter of:2m
and is driven by 11 pump stations, consisting in 4 pumps each, placedrg the way. The
maximum discharge of TAPS is 30@00n¥/day and the construction itself costed about
8 billion 1977 US dollars.l am too afraid to convert this into modern pounds!

The construction and durability of TAPS were not easy to achieve. igineers had to
face many challenges.

For example, the oil extracted is substantially warmer than anythig at the surface.
This source of heat is dangerous for the permafrost (frozen gral), which may warm up
and become unstable. To avoid this, radiators have been placed hexthe pipeline. They
absorb and dissipate the heat, limiting the impact on the permafrostSuch a radiator is
shown in gure 1.3.

An other challenge faced by the designers is that of the seismic adivof Alaska.
Indeed, the state of Alaska is known to be one of the most seismatzdly active regions
in the world. To cope with these hazards, several solutions havedmeimplemented to
increase the exibility of the pipeline and to make it less prone to craskin case of an
earthquake. The trajectory of the pipeline is wiggly and not a straig line between
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Figure 1.2: Map of the Trans-Alaska Pipeline System shown by the red linegoing from Prudhoe
Bay (North) to Valdez (South). The red dots labelled PS indicate pump stations (note: PS 11
was never built). More details can be found onhttp://www.alyeska-pipe.com/ and http:

/len.wikipedia.org/wiki/Trans-Alaska_Pipeline_Syste m
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Figure 1.3: Picture of the Trans-Alaska Pipeline. A radiator can be seenin the fore-
ground while the wiggly structure of the pipeline is observdle in the background. More de-
tails can be found onhttp://www.alyeska-pipe.com/ and http://en.wikipedia.org/wiki/
Trans-Alaska_Pipeline_System
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Figure 1.4: Formula 1 pit stop of Jos Verstappen (Benetton). The fuelmanreleased the hose
too early and fuel spilt around the car (left). A fraction of a second later, with the engine on, a
re was set (right).

Prudhoe Bay and Valdez to provide exibility (see gure 1.3). In addiion, in the suppos-
edly riskiest zones, the pipeline has been placed on sliders to allow exmare exibility.

1.1.3 Other examples

Duct ows appear in an impressively large number of applications. It iby far the most
e cient way of transporting uids from one location to another and is therefore widely
used in industry and for domestic and collective purposes.

Such ows are not as simple as they seem: they are viscous and cartilme-dependent.
These two characteristics create non-trivial interactions with tk duct itself and have to
be carefully taken into account during design. A bad design will lead tthe failure of
the duct. A spectacular example of such a failure (human or mechaal) in the world of
Formula 1 is shown in gure 1.4. During a pit stop of the team Benettonthe fuelman
released the hose too early. Spilling out of the car, the fuel lit up imrdetly, providing
these impressive images. An accident arising from the breaking okthose tting would
result in the same consequencesam sure there are other ways to warm up a driver!

Other applications of duct ows can be found in biological contextsugh as the res-
piratory and circulatory system. The cerebral blood ow in the caiex can be modelled
through a complex assembly of ducts, mimicking the vessel netwgokesent in the brain.
Experimental data coupled with numerical simulations can then prasle prediction of the
pressure map in the brain (see gure 1.5). Access to these resu# dhen be used to
predict the risks of blockage or damage of the vessels and thus ddib stroke.

1.2 Reynolds's experiment

Osbourne Reynolds (1842{1912), British engineer, University of &ichester.
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Figure 1.5: Calculation of the pressure in a pipe network obtained from &perimental obser-
vations of a brain's geometry. Red indicates arteries (blod coming from the heart) while blue
indicate veins (blood going back to the heart). After Guibert et al., J. Cereb. Blood Flow Metab.
30, 1860{1873 (2010).

In 1883, Osbourne Reynolds published his famous pipe ow experinieile placed a
pipe within a tank full of water. The water entered in the pipe throudp a converging cone
to decrease the impact of entrance e ects and the ow rate is ctoled by a valve. Aligned
with the entrance of the pipe is a needle connected to a dye containéAs the desired
ow rate is reached, dye is injected within the pipe to trace out the uid's trajectory. The
sketch of the experimental apparatus is shown in gure 1.6.

1.2.1 Basic observations

Reynolds made a certain number of observations. In particular, fubserved di erent ow
regimes, as indicated by his own drawing in gure 1.7. He observed:

Laminar ows: the uid particles follow parallel trajectories. The ow appears
smooth and ordered.

Turbulent ows: the trajectories of uid particles are no longer paallel. Spatial and
temporal complexity appear. Flow data looks erratic and space andhpredictable.
You could never succeed in intelligibly de ning turbulence but you knowt when
you see it!

1.2.2 The Reynolds number

In addition to making these observations, it is possible to charactee these dierent
regimes in a simple manner. The quantities that in uence the ow are:
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Figure 1.6: Sketch of Reynolds's experiment. After ReynoldsPhil. Trans. R. Soc. Lond. 174
(1883).

N
L
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Figure 1.7: Reynolds's observations of laminar (top) and turbulent (bottom) ows. After
Reynolds, Phil. Trans. R. Soc. Lond. 174 (1883).
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the pipe diameterl: [I]= L
the uid's velocity u: [u]= L:T ?
the uid's density :[]= ML 3

the uid's dynamic viscosity : = M:L LT 1

We can combine these quantities to obtain a dimensionless numberetReynolds number
Re= —: (1.1)

Therefore, to characterise the ow in the Reynolds experiment,nly one quantity, the
Reynolds number is needed. It follows that, for instance, doublindgpé velocity of the ow
will have the same e ect as decreasing the uid's viscosity by half.

1.2.3 Laminar, transitional and turbulent ows

Figure 1.8 shows typical pictures obtained from pipe ow experimest They allow to
identify three regimes and their relation to the Reynolds number:

Laminar ows: 0 Re. 1000
Transitional ows: 1000. Re. 4000

Turbulent ows: 4000. Re

Figure 1.8 provides spatial representations of the di erent owstaa xed time. A com-
plementary representation (temporal representation at a xedspatial point) is sketched
in gure 1.9.

The laminar regime is characterised by parallel trajectories and a tenindependent
pointwise velocity. Note that in gure 1.9, the velocity is shown as sligly varying to
emphasize the experimental character of the study. These vai@s do not matter as
any small disturbance of the laminar ow eventually vanishes. The w is as simple as it
can get.

In the turbulent regimes, the dye is no longer tracing a straight line lt displays
seamingly unstructured wiggles of di erent amplitudes. This transl&s into very complex
temporal variations mixing low and high frequencies.

In between these two regimes, we nd transitional ows, as exenliged in the second
snapshot of gure 1.8. Transitional ows are constituted of locabns where the dye
describes straight lines (the ow appears laminar) interspersed kyrbulent zones where
the dye uctuates in a similar way to turbulent ows ( gure 1.9 central panel).
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Figure 1.8: Photographs of pipe ow visualised using dye injection in the centerline. The
Reynolds number is increased from top to bottom and the succsive snapshots represent: lam-
inar ow, transitional ow, turbulent ow, turbulent ow. A  fter Van Dyke, An Album of Fluid
Motion (1982).

u u &
Small natural :: Continuous
disturbances Intermittent turbulence
damp quickly bursts of
turbulence

Figure 1.9: Sketch of the temporal variations of the streamwise velocif at a xed location in
the pipe. From left to right: laminar, transitional and turb ulent regimes. After White, Fluid
Mechanics (2011).
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Figure 1.10: Visualisation of a pu going through a pipe and splitting. Ti me goes from bottom
to top and the quantity represented is the streamwise vortigty, red (resp. blue) representing
positive (resp. negative) values. The Reynolds number is ZB. After Avila et al., Science333,
192 (2011).

1.2.4 Bursts and pus

The intermittent bursts of turbulence displayed in the transitionalregime are the signature
of the passage of turbulent pus. They can be observed by direaumerical simulation,
like in gure 1.10 for Re = 2300. Such pus are created by small perturbations and
are turbulent regions surrounded by laminar ow. The upstream ege of the pu is
well-de ned, however the downstream edge is elongated and fuzzy

Pu s typically evolve in two di erent ways. They can either vanish andthe ow decays
down to the laminar state or split, leading to an increasingly large tunbent fraction in
the ow. Pus decay rapidly in the laminar regime and split frequently in the turbulent
regime, but they remain long-lived in the transitional one.

Avila et al. compared the mean lifetime of a pu before decay to that before kging
in pipe ow as a function of the Reynolds number. The results are shwo in gure 1.11
and con rm that the pu s are long-lived over a wide range of Reynolsl numbers. Lastly,
the important result coming out of this gure is that there is an intersection between the
decay and splitting lifetime curves. This intersection provides a welledned legitimate
threshold between laminar and turbulent ows:Re. 204Q

1.2.5 Examples

Water ( 10°kg.m 3, 10 3kg.m 1.s 1) running out of the tap:

u 1ms? | 10 ?m (1.2)
) Re 10% (1.3)

yielding a turbulent ow.
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Figure 1.11: Mean lifetime of a pu before decay or splitting in pipe ow as a function of the
Reynolds number. After Avila et al., Science333, 192 (2011).

Air ( 1:2kg.m 3, 1:8:10 °kg.m 1.s 1) in your mouth when you blow:

u 1ms 1 | 10 ?m (1.4)
) Re 700 (1.5)

yielding a laminar ow. Note that as the ow exits your mouth into the room, it becomes
turbulent as | dramatically increases. The same ow in your lungsl (10 3m) will also
be laminar. Indeed, mass conservation implies that 10m.s ! providing the same value
for the Reynolds number.

1.3 Other considerations

Most of the ows considered in this and the following Chapters are ly characterised
using the simple Reynolds number. These ows provide a deep insightanbasic uid
dynamics but rely on a certain number of assumptions, like the consichtion of Newtonian
uids, incompressible ows, the absence of external forces, et®e describe here some
physics we have left out.

1.3.1 Rheology

We have introduced the dynamic (or absolute) viscosity: [ ]= M:L %:T 1, that mea-
sures the uid's resistance to ow. When an object moves into a uid or conversely the
uid moves past an object, a normal gradient of velocity is createdue to the uid sticking

at the wall and not slipping along it. In the context of Newtonian uids, this gradient of
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Figure 1.12:Rheological diagram showing the shear stress as a function of the shear rate@u
for several types of uids.

velocity (also called shear or strain rate) is proportional to the walshear stress:
= @u; (1.6)

where the coe cient of proportionality is the dynamic viscosity. Theshear stress-strain
rate law for air and water are successfully approximated by a lineauxve passing through
the origin, they are Newtonian uids. Unfortunately, not all uids are that simple.

A sketch of some di erent types of rheological laws (shear stressversus shear rate
@u) is shown in gure 1.12. Some uids like ketchup become less and lesscoiss as
they are stirred. They are shear thinning. Some other uids like corstarch are are
shear thickening: they get much harder to strain as they receive are stress. Other
uids have a threshold stress below which they behave like solids andave which their
rheological law is linear. This is the case of mayonnaise: if you hang thpen container
upside down, it will not ow. An additional force is needed on the cordiner to create
a ow. Unfortunately, it's not su cient to burn the calories you will eat... Tooth paste
has a similar behavior. They form the class of Bingham uids. Some ah uids behave
in an even more complicated manner, like Herschel{Bulkley uids (e.g. gmt) or even

time-dependent visco-elastic uids (e.g. polymers).

All the uids considered here and in the following Chapters are Newtoan uids,
therefore, the dynamic viscosity will be considered as constant.

1.3.2 Compressibility

Large values of the Reynolds number might coincide with high velocitiebut some care
must be taken. Indeed, if the ow approaches the speed of soyntthe uid becomes
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compressible. This is best quanti ed using the Mach number:
Ma = —; (1.7)

wherec is the speed of sound. Using this new dimensionless number, the follmwegimes
are observed:

0 Ma . 0:3: incompressible ows
0:3. Ma 1. compressible subsonic ows

1 Ma: supersonic ows

For Ma . 0:3, the uid's density remains constant anywhere and at any time. Ifhe Mach
number is increased beyond:B, compressible e ects start to become important and the
density of the uid changes in time and space, leading to contractienand dilatations.
For Ma 1, the ow is said supersonic and discontinuities of the pressure elappear:
shock waves.

All the ows considered in this and the following Chapters are incomgssible ows,
therefore we restrict ourselves to ows where  0:3c and for which the density is
constant.
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Chapter 2

Laminar ows

We have seen in Chapter 1 that several regimes of ow exist. We fecin this Chapter
on laminar ows and will pay special attention to pipe ow.

2.1 Framework

2.1.1 The Navier{Stokes equation

Claude-Louis Navier (1785{1836), French engineer
George Gabriel Stokes (1819{1903), British mathematical physst

The Navier{Stokes equationdescribes the motion of uids under external forces. It
writes:
[@ +(u r)ul=r p+ r2u+f; (2.1)

whereu is the (three-dimensional) velocity eld,pis the pressure, is the uid's density,
t is the time, the uid's dynamic viscosity and f the external body forces.

The left-hand-side of the Navier{Stokes equation (2.1) repressninertia. It involves
the rate of change of the velocity with time@u as well as advectiony r )u. The latter
term quanti es how the uid is transported by the ow velocity. In a n equation such as
the heat equation, this term applies to the temperaturd, reads (4 r ) T and quanti es
how temperature is transported by the ow velocity.

The right-hand-side represents all the forces acting on the uidln addition to the
external forcesf that we will not take into account in this Chapter, the other terms ome
from the divergence of the stress tensor. They include the prass gradient r p that
translates the fact that the uid is attracted to low pressure regons and the viscous force

r 2u quantifying the internal friction between in the uid.
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2.1.2 Incompressibility

As the mass of the uid is conserved, we can write the continuity e@ion:
@ +r (u)=0; (2.2)

or
@ +(ur) + (r u)=0: (2.3)

As we consider incompressible ows, the density does not vary witlinte or position
and the continuity equation simpli es into the incompressibility constraint

r u=0; (2.4)

which implies that given a control volume, the quantity of incoming uidis equal to that
exiting the control volume.

2.1.3 Additional hypotheses

In this Chapter, we focus exclusively on laminar ows. We recall thatve de ned such
ows in Chapter 1 by saying that the uid follows parallel trajectories and is as simple as
it can get. We will then make some assumptions to simplify the equatienn a consistent
manner with the above de nition. In particular, we will assume:

stationarity: @ O

unidirectionality: the ow is parallel to the walls

symmetry: the ow is further simpli ed using the symmetries of the gometry

2.2 Pipe ow

2.2.1 Cylindrical coordinates

A sketch of the geometry and the coordinates we will use is shown igure 2.1.

Some important relationships to keep in mind are the de nition of the aw coordinates:

p___
r= x2+y? = tan 1%; z=12; (2.5)

or
X = rcos; y =rsin;

N
1
N

(2.6)
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Figure 2.1: Sketch of the cylindrical geometry associated with pipes.

In this new coordinate system, the line element writes:
ds= drr+rd "+ dz2; (2.7)

and hence, the gradient operator writes:

r =@+ ;1@“+ @ (2.8)

Lastly, it is important to remember that unlike with Cartesian coordinates, here, the
directions change with and as a consequence:

@ =" @"= (2.9)
2.2.2 Governing equations

In cylindrical coordinates, the velocity eld reads:

u=uf+u Ny u,?: (2.10)
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To obtain the governing equations in cylindrical coordinates, we poeed step by step.
First, we work on the incompressibility condition:

r u=0 (2.11)
) @“+F1@A+@2 ufr+u "“+u2 =0 (2.12)
) Q@u, + %Ur + Fl@u + @Qu, =0 (2.13)
) @)+ T@u + @u, =0 (2.14)

For the Navier{Stokes equation, we start by expressing the adson term:

u
(ur)u U@+ —@+ U@ U f+u "+ ou,2 (2.15)
Uu@u,t+u@u "+ u@u,?:::

u u u u u
+ T@urr‘+ Tur’\+ T@u " —-u A+ T@uzz:::

+ Uu,@u, P+ u,@u "+ u,@u,? (2.16)
u u?
ur@u; + T@ur -t u,@u, f:::

u;u

A---

u
+ u@u + +—@u +u.Qu
u
+ u,@u,+ T@uZ + u,@Qu, 2: (2.17)

Then, we work on the Laplacian:

re =rr (2.18)
= @+ Fl@A+ @2 Q"+ Fl@A+ @ (2.19)
- @+ Fl@+ riz@h @ (2.20)

Fl@(r@)+ r12@6+ @; (2.21)
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which yields:

,
c
1

la(@)+ 6+ @ ufruruz 222)

L@(r@u)r+ T@(@U) "+ T@(@u)?

+ r—z@urr‘ r—zr\+ r_z@uf + r_Z@U = r_Z@u P+ r—z@uzz...
+ @u,r+ @u "+ Au2 (2.23)

Ur

1 1 2
F@(r@ur)+ r—z@ur 7 r_Z@u + @u, P

1 2 1 u A
+ F@(r@u)+r—2@ur+r—2@u r—2+@u

+ %@(r@uz)+ riz@uz + @Uz 2. (2.24)

We can combine these expressions to write the Navier{Stokes etioa in cylindrical
coordinates:
2

u u
@Qu; + u,@Qu, + T@Ur i u,@Qu, = @p:::
1 1 u, 2
+ F@(r@ur)+ r—z@ur 3 r_Z@u + @u, ; (2.25)
h i
@ +u@u + urru + uT@u +u,@u = Fl@p:::

+ Fl@(r@u )+ r%@ur + %@u lrj—z + @du ; (2.26)
h i
@Jz+ Ur@uz+ UT@Uz‘l‘ UZ@UZ = @p:::

+ Fl@(r@uz)+ riz@uZ + @u, : (2.27)

2.2.3 Solution

The pipe is constituted of no-slip walls, i.e., the uid particles in contactwith the walls
remain static. This boundary condition writes:

u(r = R)= 0; (2.28)

where R is the radius of the pipe ( = 0 being its center). Based on Section 2.1.3, we
make the further assumptions:

u, = 0: no radial motion

u = 0: no spiraling motion
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@u = 0: axisymmetric ow

The rst two hypotheses lead to the velocity being unidirectional ad the third one indi-
cates it does not vary with : u = u,(r;z)2.

We now examine what remains from equations (2.25){(2.27) once thbove hypotheses
are used. The incompressibility constraints simpli es into:

@u; = 0; (2.29)
which, together with the above hypotheses reduces the velocity:t

U = uy(r)2: (2.30)

The Navier{Stokes equation in the radial and in the azimuthal diregon (2.25) and
(2.26) yields:

@p= @p=0; (2.31)
which gives:
p=p(2): (2.32)

Lastly, the Navier{Stokes equation in the streamwise direction regtes to:
0= @+ -@(rQu,): (2.33)
We note that, upon derivation of equation (2.33) with respect ta: @p = 0 and

therefore that the gradient of pressure is a constant indepenaeof the location in the
ow. We integrate equation (2.33) twice:

@(r@u,) = P (2.:34)
_r@p, ks

) @u= P (2:35)

) U= r24@p+ Ky InT + ko (2.36)

wherek; and k, are real constants of integration to be determined. To avoid a siofrity
at the center of the piper = 0, it is necessary to x k; = 0. The other constant is
determined using the boundary condition:

u,(R)=0 (2.37)
RZ
) k= @b (2.38)
4
Therefore, the laminar pipe ow, also known as’oiseuille ow follows a quadratic law:
2 2
_Rep (2.39)

T R T

ans is sketched in gure 2.2 for negative pressure gradients.
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Figure 2.2: Laminar pipe ow: Poiseuille ow.
2.2.4 Some characteristic quantities

It is obvious based on the symmetries of the solution that its maximuns reached at the

center of the pipe:

R*@p.
7

showing that the ow goes against the gradient of pressure, frothe high pressure to the

low pressure regions. We will use the convention th&®p < 0 in what follows so that the
uid goes from left to right: u, > 0.

Uzmax = Uz(0) = (2.40)

The average velocity can be calculated as follows:
Z

1
Uzavg = A udA; (2.41)

whereA is the pipe section anddA = rdrd . It follows:

Z, Z
1 2 R RZ@p r2
Uzavg = R2 . . 4 RZ 1 rdrd (2.42)
Z
_@ "
=5 . R? rdr (2.43)
R2
. 8@p; (2.44)

which can be expressed as a function of the maximum velocity:

1
Uzavg = Euzmax: (2.45)
We can also calculate the ow rate:
Q = Auzay (2.46)
R‘@p

: (2.47)
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If the pipe has lengthL, we can introduce the total pressure drop in the piped p= @pL
to get

R %4
Q= 51 P. (2.48)
Lastly, we can express the wall shear stresg:
w= [J@UR; (2.49)
where @ denotes the derivative normal to the wall. In the present case, weave:
w o T j@UR (2.50)
= %: (2.51)

Note that the wall shear stress of laminar pipe ow can be related tthe average velocity

(and therefore to the ow rate):
- 4 u zavg ,

= (2.52)

w

2.3 Other cases of interest

2.3.1 Non-viscous pipe ow

Leonhard Euler (1707{1783), Swiss mathematician

Inviscid ows are governed by the Euler equation, which are nothinglse but the
Navier{Stokes equation without the viscous term:

[@+(u r)ul=r1 p: (2.53)
The incompressibility constraint is, however, unchanged:
r u=0: (2.54)
Because the uid is non viscous, the no-slip boundary condition doest make sense:

the uid cannot stick to the wall. Instead, a free-slip boundary codition where the wall
is considered unpenetrable and stress-free can be imposed:

u(R)=0; @u jr =0; @u,jr =0: (2.55)

The incompressibility constraint simpli es into:

@u, =0 (2.56)
) u; = Cst; (2.57)
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Figure 2.3: Inviscid laminar pipe ow: plug ow.

providing a di erent kind of ow: plug ow (gure 2.3).

The velocity being constant, its maximum and average values are ejwand trivially
obtained:
Uzmax = Uzavg = Uz: (2.58)

The ow rate is:
Q= Au, = R’u; (2.59)

Lastly, the uid being non-viscous, there is no friction at the wall and therefore no wall
shear stress.

2.3.2 Channel ow

Jean leonard Marie Poiseuille (1797{1869), French physicisEcole polytechnique

We study now channel ow, i.e., a three-dimensional ow con ned bigveen two par-
allel plates and driven similarly to pipe ow by a pressure gradient. A sich of the
con guration is shown in gure 2.4.

This time, we work in Cartesian coordinates and therefore write:
U= uX + uy + u.2: (2.60)
The presence of no-slip walls dictates the following boundary conditip

uly= h)y=20: (2.61)
We look for a laminar solution under the following hypotheses:

uy = 0: no wall-normal ow

u, = 0: the velocity is unidirectional and therefore projected onto
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7

Figure 2.4: Sketch of channel ow between two parallel plates and drivenby a pressure gradient
in the x direction.

@uy = 0: the ow is spanwise invariant

The rst two hypotheses lead to the velocity having only one non-vashing component
while the third one indicates it only varies in the streamwise and wall-naral directions:
U= ux(X;y)R.

We recall the writing of the incompressibility constraint in Cartesian oordinates:
@Qux + @Quy + @Qu, =0; (2.62)
and of the Navier{Stokes equation:

[@ux + U@Ux + Uy@Ux + U,@Ux] = @p+ @ux+ @ux+ @ux ; (2.63)
[@uy + ux@uy + U, @uy + U, @uy] = @p+ @uy+ @u,+ @Quy ; (2.64)
[@u; + u@u; + Uy@Qu; + U,@Qu;]= @p+ @u,+ @u,+ @Qu, : (2.65)

The incompressibility constraint (2.62) yields:
@uy =0; (2.66)
which, together with the starting hypotheses provides:

U = Uyx(y)R: (2.67)

The Navier{Stokes equation in the wall-normal and spanwise directig (2.64) and
(2.65) give:
@p= @p=0; (2.68)
thus:
p= p(x): (2.69)
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Eventually, the Navier{Stokes equation in the streamwise directiof2.63) gives:

0= @p+ @uy; (2.70)

which is solved in the same fashion as for pipe ow. The solution reads

Uy = %)yz + Kpy + Ko; (2.71)
wherek; and k, are solved for using the boundary conditions:

%’hz + kih + ko = 0; (2.72)

%’hz kih+ k, = 0; (2.73)
yielding:

2
Ky =0: K, = @th : (2.74)
The trivial laminar ow in a channel, also calledplane Poiseuille ow then reads:
_ @ph* y?
Ux = =5 Y (2.75)

2.4 Gaining in generality

To gain in generality, we can non-dimensionalise the equations. We iattucelL, U, L=U,
and P as dimensional units of length, velocity, time and pressure. We thefore write:

xy;2) = L(x%y5%29; (2.76)
u = U (2.77)
t = %t“, (2.78)
p =Pp (2.79)

where the dimensionless quantities are denoted with a prime.

Upon substitution in the Navier{Stokes equations, we obtain:

L@ r 9= Brges Yo (2.80)

We can de ne the pressure scale to be a dynamic pressure sc#les U? and introduce
the Reynolds number:Re= UL= . The resulting equation is:

1
@u+ (ul r Yu= r P+ 2e! ey (2.81)

To solve this equation, only one number is required: the Reynolds nber, as opposed to
the original dimensional equation that required two ( and ).
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Chapter 3

Viscous losses

In this Chapter, we discuss general results on the losses due tawiss e ects in pipe ow.

3.1 Pressure drop

3.1.1 Experimental evidence

Gotthilf Hagen (1797{1884), German engineer

In 1839, Hagen studied water ows in long brass pipes and hinted ahé possible
existence of two di erent regimes of viscous ows: laminar and tundent.

He characterised, in particular, laminar ows through the following lav:
L
4p=k R—Q4 + entrance e ects; (3.1)

wherek = cst, L is the length of the pipe,Q the ow rate and R the radius of the pipe.

As he increasedQ beyond a certain threshold, Hagen observed that this law broke
down, and deduced the existence of a second regime. This expenitakobservations are
easily reproduced and the results sketched in gure 3.1.

3.1.2 Dimensional analysis

We consider a laminar ow in a horizontal pipe for which density and gnaty e ects
are negligible. The pressure drog p has dimension4 p] = M:L %:T 2. The relevant
guantities to characterise the pressure drop are:

the owrate Q: [Q]= LT *
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Figure 3.1: Relationship between the pressure dropt p and the average velocityV in a pipe
with radius 3mm and length 3m. After White, Fluid Mechanics (2011).
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the pipe lengthL: [L]=L
the pipe radiusR: [R] = L

the uid's dynamic viscosity : [ ]=M:L LT 1

As the pressure gradient is constant along the pipe and the ow fullgharacterised by
the radial direction only, we can write
4
@R ); (3.2)
whereF indicate the dependence of the left-hand-side on the variables Ween parenthe-
ses only.

We note that the left-hand-side has dimension proportional to a ns8 M and that
only the dynamic viscosity has dimension proportional to a mass. Warm then divide by
the dynamic viscosity to get rid of this dimension.

4L—p = F(Q;R): (3.3)

The dimension of the left-hand-side is now proportional to the invee of a length, so
we can multiply it by R to get rid of the length dimension. Similarly,Q has dimension
proportional to cube lengths so we can divide it byR®. The resulting relationship reads

R4p Q
- F = (3.4)

At this stage, both the left-hand-side and the right-hand-side tens are both homo-
geneous to the inverse of a time. Upon dividing the one by the othewne obtain the

following relationship:
R4 p

0 = cst; (3.5)
which provides the following pressure drop law:
L

4 p=cst R—?: (3.6)

This law is very similar to that obtained experimentally by Hagen. In paticular, it shows
that Hagen's constantk is homogeneous to a dynamic viscosity.

3.1.3 Theoretical answer

We recall that for laminar pipe ow, the streamwise velocity reads

R?@p r?
u= 7] P R? 1, (3.7)
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giving the following ow rate:
R‘@p_ R*p,

Q= 8 = gL (3.8)
Using expression (3.8) we can express the pressure drop. We obta
8 LQ
4p= — W: (3.9

This expression sheds additional light on the nondimensional constafound using di-
mensional analysis and proves the relevance of Hagen's formula tmilaar pipe ows.

3.2 Head loss

Don't worry, you won't lose yours!

3.2.1 The Bernoulli equation

Daniel Bernoulli (1700{1782), Swiss mathematical physicist, Univgity of Basel

In viscous ows, the energy is not conserved. The occurrencefattion at the walls
dissipates energy and the system is said dissipative. As the energyat conserved, the
Bernoulli equation is no longer valid as formulated but can be corremd to take into
account viscous losses as we shall see.

Consider the ow in the inclined pipe shown in gure 3.2. For an incomprssible
inviscid ow along a streamline, the Bernoulli equation writes

1
p+ §u2+ gz = cst; (3.10)

where p is the pressure, is the density of the uid, u its steamwise velocity,g the
gravitational acceleration andz the altitude. For practical reasons, we can write this law
in terms of a height that is usually called head:

Il2
I + + 7= : A1
z=cst (3 )

g

We consider a control volume delimited by section 1 and section 2 in ga13.2. As a
result of the friction between the uid and the wall, the energy and kad decrease between
these two sections. We take this into account by adding a term to éhBernoulli equation
that we write between section 1 and section 2 and obtain thescous Bernoulli equation

2 2
E+ﬁ+21:&+ﬁ+zz+hf; (3.12)
g 2 g 2
whereh; is calledhead lossand accounts for the viscous dissipation. The equivalent loss
of energy per unit volume isghy.
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o p1=py+Ap

Figure 3.2: Sketch of an inclined pipe. After White, Fluid Mechanics (2011).
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3.2.2 Application to pipe ow

The Bernoulli equation (3.12) is generic for incompressible ows. Wea apply it to
pipe ow. In the case of laminar pipe ow, the velocity of the uid is invariant with the
streamwise directionx, sou; = u,. We can then express the head loss:

hy _ P P

t 7y 7y, (3.13)
) hy = %O+ 4 z: (3.14)

We can independently apply the momentum ux equation for the combl volume
represented in gure 3.2:
I:X = R 2(u%avg uiavg): (3-15)

The left-hand-side includes all the forces in the direction, while the right hand side
represents the di erence in mass ux between the two opposite @ens of the control
volume. There are three forces acting on the uid in thex direction:

pressure:4 p R ?

weight: LR 2sin( )g

shear: 42RL

Additionally, the uid's velocity is constant along X, SO Uzayg = Uiavg. We obtain:
4pR?+ LR ?sin()g w2RL =0: (3.16)

By noting that L sin( ) = 4 z, expression (3.16) can be simpli ed into:

4pR?%+ 4zR?3 ,2RL =0; (3.17)
to yield:
4p 2 L
—+4z= X 3.18
9 oR (3.18)

We can then express the head loss the following ways:

2 wL 4 ,L
he = = —: A
f oR ad (3.19)
8u L 32u L
h = avg - avg . 2
f CE gdz (3.20)

where we have de nedd to be the diameter of the pipe and have used the laminar wall
shear relation , =4 u 44=R.
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;:O

Figure 3.3: Physical interpretation of head loss, together with hydradic and energy grade lines.
3.2.3 Physical interpretation

Enough pressure? This section is for you!

We can experimentally observe (or mentally imagine) quantities reladeo the Bernoulli
equation (3.12). Tubes directly connected to the side of the pipe aNdo directly observe
the pressure heag=g. When this quantity is summed with the altitude z and tracked
along the pipe, we obtain thehydraulic grade line The use of Pitot tubes provides ad-
ditional information: as they are oriented in the direction of the ow they are sensitive
to the uid's velocity and include the kinetic head u?=2g. The line obtained by summing
the kinetic head together with the pressure head and the altitude isalled energy grade
line.

When viscous e ects are non-negligible, the head loss can be obsdras loss of pres-
sure and therefore as a drop for both lines. This situation is depieten gure 3.3.

3.2.4 General formulae

Julius Weisbach (1806{1871), German mathematician
Lewis Moody (1880{1953), American engineer, Princeton

The theory introduced so far is only valid for laminar ows but ows are often observed
turbulent in applications. The following question naturally arose: howo get an expression
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that will be universally valid?

In 1850, Weisbach used physical intuition to lead the way to a unifyintheory. He
realised that the head loss was proportional th=d (see expression (3.19)) and also ap-
proximately proportional to ugvg experimentally for turbulent ows (note that Hagen's
experiment provides an exponent of about:715). He then suggested the following rela-
tionship:

L ugy
he = f =22, 3.21
= (3:21)
wheref is a non-dimensional parameter calle®arcy friction factor. Still out of physical
intuition, he precised that the friction factor depend on the Reynldls number, the duct
shape and the roughness of the wall for turbulent ows.

For a laminar ow in a pipe, we can combine expression (3.20) with relato(3.21):

32U gl L Udvg
ST age - — . 22
gd2 lam d 29’ (3 )
64U agldg
f = - ° =- 2
) lam gd 2Lu gvg ’ (3 3)
64
flam = X 3.24
) fam = g (3:24)
64
f = — 2
) lam Red’ (3 5)

where Rey is the Reynolds number based on the diameter of the pipe.

For turbulent ows, things are expectedly more complicated. In fet, no purely the-
oretical law is known and progress has mainly come by experimentallyays. In 1939,
Colebrook provided an interpolation formula of empirical data:

=d 2:51

2= 2199 377 Refi2 (3.26)

In this formula, =d quanti es the relative roughness of the walls, with being related to
the size of the disturbance from a smooth wall. For a perfectly smihopipe, =d = 0.
This value increases as the walls get rougher. Figure 3.4 provides augisde nition of
these guantities.

Colebrook's formula (3.26) is transcendental and cannot be solvég hand. Hence,
in 1944, Moody plotted what is now known as the Moody chart ( gure3.5) to provide
directly readable data. This chart is nowadays a standard in the emgering world.
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Figure 3.4: Visual de nition of the roughness of the walls for a pipe.
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Figure 3.6: Depiction of the entrance region and the accommodation of te uid to the presence
of walls. After White, Fluid Mechanics (2011).

3.3 Entrance e ects

3.3.1 When an external ow becomes internal ow

When an experiment is set up, departures from the theory develeg in the last section
are observed. This was rst observed by Hagen and he mostly atiuted these departures
to entrance e ects. These e ects arise from the di erence in theature of the ow: away
from the pipe, the external ow is homogeneous (therefore, natissipative, or conserva-
tive); the ow within the pipe displays vanishing velocity at the wall dueto viscosity. It
is dissipative. Thus, there is a region (time if you follow the uid) wherethe ow pro-
gressively accommodates to the presence of walls. This region is da#tetrance region
and is depicted in gure 3.6.

3.3.2 Entrance length

It is important to know how long is the entrance region to determine tere the ow is
invariantly laminar and therefore where the theory directly applies.
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We use dimensional analysis. The entrance length, has dimensionl[] = L and is
sensitive to the following quantities:
the diameter of the piped: [d] = L
the average uid velocity Uayg: [Uavg] = LT *
the uid's density :[]= M:L 3
the uid's dynamic viscosity : [ ]=M:L LT 1
As [Le=d = 1, we can try to combine the other quantities to get a dimensionlss
product. We can then write:

[Uagl [10 10l =M "L ° *T (3.27)

To get a dimensionless group, all exponents need to vanish:

8
2+ =0
S 3 + =0; (3.28)
' =0:
It follows that
= = = (3.29)
so the dimensional analysis gives:
% M (3.30)

The group on the right-hand-side is nothing else but the Reynolds mber based on
the diameter of the pipeRey. Finally, we obtain:

L
Fe = F(Re,); (3.31)
whereF indicates a power law.

In fact, the following empirical laws have been established:

laminar ows: L.=d 0:06Rey4
turbulent ows: Le=d 1:6Re: "
These laws provide again some interesting di erences between lanri@ad turbulent

ows: at Rey = 2000, the entrance length of a laminar ow id. = 120d while a turbulent
ow at Rey =10000 will yield an entrance length of onlyL, = 16d.
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Chapter 4

Fluid-structure interaction

Chapters 1{3 focused on internal ows with a strong emphasis orige ow. Unlike these
ows which are con ned by walls, we are here interested in externabws. Such ows are
unbounded and are at the heart of uid-structure interaction sudies.

When an unbounded homogeneous ow approaches a body, visceuscts become
important and substantially deform the ow prole. For example, the ow entering a
pipe discussed in Chapter 3 yielded a developing region where its n&whanged from
homogeneous and non-dissipative to a laminar (or turbulent) pro le This developing
region created departures from theoretical predictions.

More generally, ows past immersed structures develop boundatgyers and wakes
which are responsible for generating forces and moments on thestalcle. These features
are of prime importance in applications.

4.1 Some examples

4.1.1 Lift generation

Daniel Bernoulli (1700{1782), Swiss mathematical physicist, Univgity of Basel

The most popular aerodynamics question probably is: how does ancaaft y? The
basic answer is that the airfoil is shaped in such a way as to generéte Such a response
comes up as very unsatisfactory and we often hear the following raclaborate answer.
The airfoil is shaped so that its upper surface is longer than its lowsurface. A parcel
of uid arriving at the leading edge then splits into two parcels, one fitowing the upper
surface and the other the lower surface. As the uid has more datce to travel on the
upper surface than on the lower surface, it goes faster to haugetsame transit time. The
Bernoulli e ect follows: the higher velocity on the upper surface ylds a lower pressure
and an ascending force is created: the lift.
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Although the use of Bernoulli e ect is, to some extent, correct,ite equal transit time
argument is in factwrong Figure 4.1 shows a series of snapshots for a ow past an airfoil.
It is very clear from these that the upper ow is accelerated compad to the lower ow.
This happens already at the leading edge, but the lower ow never tches up with the
upper one. Consequently, the upper ow reaches the trailing edgest and had a shorter
transit time.

As a consequence, the physical mechanism behind lift is not so simplEhe intro-
duction of a shape to the airfoil curves the streamlines and prodes non-trivial velocity
and hence pressure distributions. On the one hand, the uid is adeeated on the upper
surface and slowed down on the lower surface, creating a destegdressure gradient,
hence lift. On the other hand, the uid trajectory is overall de eded downwards when
passing the airfoil. This implies that the airfoil creates a descendingrte onto the uid,
and, by Newton's third law, that the uid generates an ascending f@e onto the airfoil.
The combination of these two e ects is what creates lift.

4.1.2 Wingtip vortices

What happens at the tip of the wing when the lower pressure uppeudace meets the
higher pressure lower surface?

The uid receives a force from the high pressure area to the low @®ure area. Thus,
at the tip of the wing, it is attracted to the upper surface and tend to rotate around
the wing. This generates wingtip vortices such as the one visualisedtwsmoke in gure
4.2. These vortices are generally strong, long-lived. They are cegsently dangerous:
ying through such a vortex will create a rolling moment that can detabilize the ight.
Many such incidents have happened during takeo and landing. As aesult, airports
have decided on quiet periods of one to two minutes between two sessive takeo s or
landings to allow for these vortices to dissipate to a less dangerouresgth.

4.1.3 The V-formation

Nature knows about wingtip generation. Birds are notorious for usg wingtip vortices
to their advantage. When they follow another bird, they place theselves a little bit on
the side to benet from the lift generated by the wingtip vortices oftheir leader. The
resulting ock layout is a beautiful V-formation as exemplied in gure 4.3.1 am afraid
nature is still a better engineer than you.

4.1.4 Other examples

Examples of ows past immersed bodies and their interaction abouad The transporta-
tion industry is a good example and designing vehicles, increasing theierformances
(decreasing consumption) is an evergoing challenge.
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Figure 4.1: Flow past an airfoil visualised through the trajectory of one pulse of smoke. After
Babinsky (http://www.cam.ac.uk/research/news/how-wings-really -work).
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Figure 4.2: Wingtip vortex behind a plane visualised with red smoke.

Figure 4.3: Birds ying in V-formation.



4. Fluid-structure interaction 45

Wind and ocean engineering also present important challenges in theea of uid-
structure interaction. The construction of tall building is necessy to accommodate
large professional centres and these tall buildings interact strgly with the wind. Similar
issues arise with bridges as we shall see.

In water, it is important to understand uid-structure interactio ns to design e cient
breakwaters and protect constructions on the shore or beashePilings are also good
examples of structures interacting with water and that have to belesigned carefully.
Lastly, we can take advantage of natural phenomena such as wiadd currents by de-
signing structures that will store such energy like wind and water tbines.

4.2 E ect of a structure on the uid

When an external ow goes past an obstacle, it is locally de ected.nladdition, due to
viscosity, the walls do not allow the uid to slip along it and the uid slows down close to
the wall generating a boundary layer. Past the structure, a wakeesults from the inertia
of the uid.

4.2.1 Boundary layers

Clos to the wall, the ow is slower than far from it. We can then de ne aregion where the
uid's velocity parallel to the wall is smaller or equal to 99% of the exteal velocity. We
call this region theboundary layer. Note that this convenient de nition is not a consensus
and di erent metrics can be used.

Inside the boundary layer, the ow feels the e ect of the wall and igradually slowed
down as we approach the wall. The presence of these velocity grathkes a consequence
of viscous dissipation. Outside the boundary layer, the ow does hdeel the presence
of the walls. It remains homogeneous and is considered inviscid. Exaes of boundary
layers are shown in gure 4.4.

For low values of the Reynolds number, the ow possesses low ineraad displays
slow spatial variations around the at plate. For these reasons, is referred to adaminar
boundary layer. Because spatial variations are slow, the laminar boundary layer @pies
a large spatial region.

The velocity in the direction parallel to the wall varies in the direction ethogonal
to the wall. As the ow is incompressible, the velocity orthogonal to lhe wall becomes
non-zero. This is called theviscous displacement e ect For laminar boundary layers,
this e ect is important.

The case of large values of the Reynolds numbers is more complex. tAs ow
has more inertia, velocity gradients become large allowing the boungidayer to remain
con ned very close to the wall. We observe two distinct regions in thboundary layer:
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Figure 4.4: Sketch of the ow past a sharp at plate oriented in the direction of the ow.
Two situations are shown: a lowRe ow ( Re. = 10) and a high-Re ow ( Re. = 107) and the
associated boundary layers depicted. After White,Fluid Mechanics (2011).
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the rst one is a laminar boundary layer similar to that of lowRe ows but much thinner
and aturbulent boundary layer that occurs further away in the streamwise direction and
is larger than the laminar boundary layer. These boundary layers arso thin that the
viscous displacement is negligible.

Note that for slender bodies at largdRe, such as airfoils, the boundary layer is so thin
and weak when placed parallel to the ow, that the assumption of mgigible interaction
between the boundary layer and the outer pressure distributionrpvides good results.

4.2.2 Wakes

Time to wake!

Theodore Von Karman (1881{1963), Hungarian-American aernautical engineer, Califor-
nia Institute of Technology

Unless inertia is negligible (equivalently viscous e ects are overwhelngily dominant),
the gradients of velocity induced by the boundary layer are advesti downstream and
create awake past the obstacle. This region can display dramatic departures frothe
established ow in nitely far away from the obstacle.

Wakes are best introduced using simple geometries. Figure 4.5 shdws the wake
past a cylinder is changed when the Reynolds numb&e is increased. Several regimes
are observed:

At low Re: the ow is steady and symmetric.

At Re = O(10): the upstream-downstream symmetry is broken and ow sejpation

occurs. Due to the increased inertia of the uid, the boundary lays are no longer
able to stick to the wall at the back of the cylinder. They separaterém the wall

and a recirculation zone is created where two counter-rotating sees live. This

wake remains stationary and still preserves the up-down symmsgtr

At Re = O(100): the up-down symmetry is broken and the wake is now periodic
in time. The vortices periodically break away from the back of the cyloker in an
alternate fashion and are advected downstream. This type of waks calledVon
Karman streets .

At Re > O(1000): any simple time-dependence in the wake is lost and it is now
turbulent.

It is useful here to point out that as the Reynolds number is increasd, di erent types
of turbulent wakes can be observed. ARe = 5:10° for example, the turbulent wake is
detached from the wall and a laminar bubble is observed at the bacK the cylinder.
This bubble shrinks as the Reynolds number is increased and Be = 10°, the back of
the cylinder has become fully turbulent. AsRe is further increased, the turbulent wake
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Figure 4.5: Sketch of the wake past a cylinder and the di erent regimes observed as a function
of the Reynolds numberRe = UR=, where U is the velocity of the uid in nitely far away
from the cylinder, R the cylinder radius and the uid's kinematic viscosity. After Middleton
& Southard, Mechanics of Sediment MovementSEPM Short Course Notes, Vol. 3 (1984).
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becomes thinner and thinner and the in uence of the cylinder on thew decreases. This
is the result of the fact that the characteristic length for advegon becomes incomparably
larger than the diameter of the cylinder.Would a dust grain de ect a river?

4.3 E ect of the uid on a structure

We have seen in the previous section how the presence of a struetinduces strong
disturbances to the ow. In this section, we look at the opposite imraction: the impact
of boundary layers and wakes on the structures. The fact thathe ow is no longer
symmetric around the structure creates a new pressure distritbon whose integral over
the structure may no longer be zero or trivial. This, in turn, leads tdhe creation of new
forces on the structure.

4.3.1 Bend it like Beckham

Heinrich Gustav Magnus (1802{1870), German physicist, Univergitof Berlin

In 1998, during a friendly tournament xture prior to the FIFA Wor Id Cup, Roberto
Carlos (Brazil) scored a free kick goal against Francéwas furious! The trajectory of the
ball mysti ed Fabien Barthez, the French goalkeeper, who remainestill while the ball
made its way to the goal. Figure 4.6 shows a few pictures of this goaken a few tenths
of a second apart to provide a sense of the trajectory. The ball kscked toward the right
and after ying past the wall of defenders, turns left to end its corse in the nets in a
very spectacular manner.

The explanation of such a trajectory lies in theMagnus e ect and is illustrated in
gure 4.7. Rotating the ball accelerates the ow on one side while slamg it down on the
other. This di erence of velocity breaks the symmetry of the ow ad creates a di erence
of pressure. In turn, this pressure di erence creates a laterébrce pointing to the side
where the ow is accelerated. This is this additional force that berglthe trajectory of
the ball and that allows surprising e ects in many ball games.

4.3.2 The Tacoma Narrows bridge

The Tacoma Narrows bridge was a:8km long bridge between Tacoma and the Kitsap
peninsula in the state of Washington (USA). The bridge opened on Bulst, 1940 and
collapsed on November 7th, 1940. A picture before the collapse aoke while it was
under way are shown in gure 4.8.

During that day of November 7th, 1940, the wind blew steadily at 65k.h 1. This
not so violent wind (to London standards)interacted in an unexpected manner with the
bridge and created a positive feedback loop callekroelastic utter. The origin of the
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Figure 4.6: Pictures of Roberto Carlos's goal for Brazil against Francein a friendly xture
before the 1998 FIFA World Cup.

Figure 4.7: lllustration of the Magnus e ect using a downward ow past an anti-clockwise
rotating sphere. The ow is slowed down on the right as opposd to the left. The pressure is
then greater on the right of the sphere and a leftward force iggenerated.
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Figure 4.8: Pictures of the Tacoma Narrows bridge on November 7th, 1940 &fore and during
its collapse. After http://en.wikipedia.org/wiki/Tacoma_Narrows_Bridge _ (1940) .
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this phenomenon is likely the oscillating wake due to a periodic vortex stiding state like
the Von Karman streets. This excited a torsional mode: the ceterline of the bridge stood
still while the right lane moved up and the left lane moved down. More pcisely, it is the
second torsional mode that was excited: the midpoint of the bridgemained motionless
while the two opposite halves twisted in opposite directions. This toien enhanced the
strength of the wake, which in turn increased the torsion until theollapse of the bridge.

You don't need to blow hard to collapse a bridge!



Chapter 5

Boundary layer theory { Integral
approach

Boundary layer theory, our best BLT!

As we have seen in Chapter 4, any ow interacting with a structure evelops boundary
layers. They are due to the fact that the uid cannot slip along the \all but rather adheres
to it, creating velocity gradients orthogonal to the wall.

In this chapter, we consider a steady incompressible two-dimensaédnow. This ow
is represented in gure 5.1 where the boundary layer thickness isrdded by and varies
with the streamwise coordinatex. We introduce the control volume delimited by:

Boundary 1: the segment (00) to (0; h), whereu = UR.
Boundary 2: the streamline (Qh) to (L; ), whereu n = 0.
Boundary 3: the segmentl(; ) to (L; 0), whereu = u(x;y)R + v(X;y)y.

Boundary 4: the plate surface and streamlinel{ 0) to (0; 0), whereu = 0.

In these, the vectorn represents the outward-pointing normal unit vector.

5.1 Viscous displacement

5.1.1 Physical origin

When a ow is incompressible, the creation of a boundary layer gerstes orthogonalvis-
cous displacement The explanation behind this phenomenon lies in the incompressibility
constraint. For the ow in gure 5.1 this two-dimensional constrairt reads:

@Qu+ @v =0: (5.1)
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Figure 5.1: Sketch of a developing boundary layer on a at plate. The contol volume used in
this lecture is delimited by the boundaries labeled 1, 2, 3 ad 4.

Around x = 0, the near-wall streamwise velocityu is decreased@u < 0. To compensate
for this and preserve the incompressible character of the ow@v > 0, creating an orthog-
onal viscous displacement. The consequence of this displacemernhé the streamlines
are not parallel to the wall but move away from it.

5.1.2 Displacement thickness

To better characterise this e ect, we write the conservation of @mss between the inlet
(x =0, boundary 1) and the outlet (x = L, boundary 3):

Z Z
(u n)ds+ (u n)ds=0; (5.2)
1 3
where ds represents the local line element. On the inlelp = R, while on the outlet,
n = X. Using these equalities and evaluating the velocities, we get:
Z, V4
( Udy+ udy = 0; (5.3)
0 0

whereu = u(L;y), is the boundary layer thicknessat x = L and the point (0; h) with
h= is on the same streamline as theL( ). The quantity s calleddisplacement
thicknessand represents the distance by which the wall would have to be maven the
wall normal direction to obtain the same ow rate in an inviscid ow (se gure 5.1 for
a graphical representation of these quantities and gure 5.2 fornaexplanation). The
density of the uid being constant,

Z

Uh= udy: (5.4)
0
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Figure 5.2: Left: actual viscous boundary layer. Right: analogy with aninviscid ow displaying
the same ow rate. The wall-normal delay  necessary to obtain the same ow rate is called
displacement thickness.

To express the displacement thickness at x = L, we writeu= U+ u U. Expression
(5.4) yields:

Z
Uh = (U+u U)dy; (5.5)
0
Z
) Uh = U + (u U)dy; (5.6)
0
which, using = h+ , simplies into:
z u
h = h+ + — 1 dy; (5.7)
o U
Z
) = 1 2 gy (5.8)
= ) T y: .

Therefore, if the wall is a slip wall (inviscid ow), i.e.u U, the displacement thickness

=0, a result we expect as no viscous boundary layer develops in anigoid ow. The
displacement thickness is therefore a consequence of the facttiocally, the streamwise
velocity is decreasedu < U .

5.2 Friction drag

Theodore Von Karman (1881{1963), Hungarian-American aerpautical engineer, Califor-
nia Institute of Technology
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5.2.1 Drag as a boundary layer e ect

We assume constant pressure throughout the domain so that tleeis no net pressure
force. The ow is steady so the conservation of momentum i writes:
Z Z
uO;y)(u n)ds+ u(x;y)(u n)ds:::
L Z Z
+ u(L;y)(u n)ds+ ux;0)(u n)ds= Fy: (5.9
3 4
Boundary 2 is de ned as a streamline, so the velocity fully projectsnto it and does not
have any normal component: f n) = 0. Furthermore, the velocity at the plate surface
u(x; 0) vanishes and the only force on the uid is the opposite of the drafprce DR.
Note that the drag forceD2X is the force created by the uid on the plate, so the negative
sign is necessary to calculate the force created by the plate on tld.

Equation (5.9) simpli es into:
Z, Z
U( Udy+ u(uydy= D: (5.10)
0 0
Upon evaluating the rst integral, we obtain:
Z

D= hu? u?dy: (5.11)
0

Expression (5.11) is not satisfactory in that the heighh is not known. To obtain a
more useful expression for thdrag, we use mass conservation between the inlet and the
outlet (relation (5.4)), which, combined with equation (5.11) gives:

Z
D = u(U u)dy: (5.12)
0

This result was rst derived in Von Karman, Z. Angew. Math. Mech.1, 235{236 (1921).

The last interesting quantity to keep track of is themomentum thickness :

z
D u u
that represents the characteristic length over which momentum isst due to the viscous
nature of the uid compared to an inviscid ow. We can then de ne the shape factor

H=—; (5.14)
that indicates the wall-normal distance on which the uid is de ectedfrom the plate

compared to that on which gradients of streamwise velocities areltfe A large shape
factor indicates a ow near separation.
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5.2.2 Relation to wall shear stress

We can also understand the drag force as being created by the watkear stress,, along

the place. It follows: Z,

D= ,()d: (5.15)
0

or alternately:
w= @D: (5.16)

By di erentiating equation (5.13), we obtain:
1
@ = F@D; (5.17)

that allows us to write an important relation that is valid for laminar and turbulent
boundary layers:
w= U@ : (5.18)

5.3 Some results

Ludwig Prandtl (1875{1953), German aeronautical engineer, Urersity of Gettingen
Heinrich Blasius (1883{1970), German engineer, University of Hamiyg

5.3.1 Velocity prole

In his studies of laminar boundary layers, Von Karman assumed tht the velocity pro le
within the boundary layer had a parabolic shape. He wrote:

uxy) 2 YA
U 2’

0 vy (X): (5.19)

Similarly, Prandtl highlighted the fact that turbulent velocity pro le s were following
a one-seventh power law:

u(x;y) y ¥,
¥ , 0

y (x): (5.20)

These rst order approximations are actually very close to reality & shown in gure
5.3. They proved very useful to advance boundary layer theorysave shall see.
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Figure 5.3: Comparison of velocity proles u=U in the boundary layer y= < 1 between the
Von Karman and Prandtl's approximations and the actual la minar and turbulent ows. After
White, Fluid Mechanics (2011).
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5.3.2 Laminar results

For laminar ows, some basic insight can be obtained by using Von Karan's approxi-
mation (5.19). We can calculate the momentum thickness using equat (5.13):

Y4

2 2
2 Y o1 v, Yy (5.21)
20
5 2 4 3 4
) 0 % Lz-" Ls y—4 dy; (5.22)
5 1
- = 5.23
) =+ 3 (5.23)
2
) 5 (5.24)

This provides, together with equation (5.13), the following relationdr the drag of a
laminar boundary layer:

2U2

D
15

(5.25)

The wall shear stress can be expressed in two di erent ways. The dition writes:

w= @uUjy=0; (5.26)
2
) . @ 2 Y (5.27)
y=0
)y w2 (5.28)

while expression (5.18), combined with result (5.24) yields:

v U@ = (5.29)
2U 2
) W e @: (5.30)

Expressions (5.28) and (5.30) can then be combined into:

2U 2uU?
15

@; (5.31)

which, can be reexpressed and integrated betwegr= 0 (where = 0) and an arbitrary
length x for which the boundary layer thickness is:

Z zZ
dx — d; (5.32)

(5.33)
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The boundary layer thickness can be obtained by multiplying byx and rearranging the
terms:

U 2
X2 30 X (5.34)
2
30
) e~ (5.35)
) " 5:5Re, 7 (5.36)

where we have de nedRe, = Ux= as the streamwise Reynolds number Thus, the
laminar boundary layer thickness grows like*.

Relation (5.8) provides the displacement thickness:

z
1 Q+y_2 dy; (5.37)
0
1 .
) 3 (5.38)

indicating that the orthogonal viscous displacement is felt on a thicless that is only one
third of the thickness of the boundary layer, that is

= 1:83Re, 2 (5.39)

We can now calculate the shape factdd :

15
) H 3 5 (5.41)
) H 25 (5.42)

We can also de ne a quantity similar to the Darcy friction factor in du¢ ows, the
skin friction coe cient ¢ :

2
G = U_Wz; (5.43)
which, together with equations (5.28) gives:
4
v U—: (5.44)
Upon using result (5.36), we get:
G 0:73Re 2 (5.45)

All the results obtained here are good despite the original hypotkis of parabolic ow:
they are within 10% of the results from BlasiusPhD thesis Gettingen (1908).
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5.3.3 \Validity of the results

The above results are based on the hypothesis that the bounddayer is thin enough so
that the coupling with the outer ow is negligible. This theory breaks @wn as soon as
=x = O(1). To get an idea of the constraint this poses, we write that the amain of

validity of boundary layer theory is

" < 0L (5.46)

Expression (5.36) gives
5:5Re, 12 < 0:1; (5.47)
) 3025< Rey; (5.48)

So the theory developed here is valid only for streamwise Reynoldswhers greater than
3025. For smaller Reynolds numbers, the interaction with the outeow is important and
leads to departures from these results.

Conversely, at a threshold Reynolds number, the boundary layerebomes turbu-
lent and the results above do not hold. This critical value of the Reyids number is
Re. 3 10°. This value corresponds to the relative boundary layer thickness

” 32 103 (5.49)

The boundary layer then becomes turbulent and results are geadly obtained numerically
or experimentally. Usually, the surfaces are not perfectly polisheghd transition occurs
earlier, sometimes at Reynolds numbers as low as’10

5.3.4 Turbulent results

In the turbulent case, some more assumptions than the Prandtine-seventh power law
(5.20) have to be made. This is out of the scope of this lecture but well give some
results obtained by a similar rst-order approach to that used folaminar ows.

The momentum thickness can be directly deduced from equation (8)1

Z
1=7 1=7
A Y (5.50)
0
Z y 1=7 y 2=7
) . - - dy; (5.51)
7 8=7 7 9=7
) s 9 (552)
) 712 : (5.53)

Some intricate algebra is needed to obtain the approximate skin frion law for a
turbulent boundary layer ow. The consensus law is:

¢ 0:.02Re % (5.54)
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whereRe = U = s the wall-normal Reynolds number.

Using relation (5.43) together with de nition (5.18) and the result jst obtained, we
can obtain an approximate scaling for the Reynolds numbers:

G =2@ 0.02Re % (5.55)
7 3
) 2@ O0O0Re 16, (5.56)

We note here that@ = d =dx = dRe =dReg, which yields:

7 dR i}
3—6% 0:02Re =: (5.57)
) Re  0:16ReX™: (5.58)

Thus, the boundary layer thickness for a turbulent boundary layeis:
” 0:16Re, *': (5.59)

Therefore, the boundary layer thickness grows like®’ for turbulent ows, which repre-
sents a faster growth than thex'™ law for the laminar boundary layer.

Using relation (5.58) within expression (5.54), one nds the skin friabn coe cient as
a function of the streamwise Reynolds number:

G 0.027Re ; (5.60)

indicating that the skin friction coe cient is greater for turbulent b oundary layers than
for the laminar ones.

The displacement thickness can be directly expressed from the eseventh power law
(5.20) within equation (5.8):
Z

y 1=7
. 1 = dy; (5.61)
1
) g’ (5.62)
) —  0:02Re *7; (5.63)

X

proving here a statement we made in Chapter 4 that the viscous diggement thickness
for turbulent boundary layers is very small. The shape factor thers

H=—; (5.64)
) H 5 ;_2; (5.65)
) H 13 (5.66)

a much smaller value than for laminar boundary layers.



Chapter 6

Boundary layer theory {
Navier{Stokes approach

BLT, second course!

External ows around immersed bodies are usually studied using cbmations of
experiments and numerical simulations. We have seen in Chapter 5athsome insight
can be obtained using integral methods. We have in particular seehat boundary lay-
ers involve di erent scales. Primarily, wall-normal length-scales arewuch smaller than
streamwise ones. We show here how we can take advantage of thiseovation using the
Navier{Stokes equation.

6.1 Physical framework

We consider the developing boundary layer sketched in gure 6.1. Gua two-dimensional
stationary ow is governed by the following Navier{Stokes equatiost

(U@u + v@u) @p+ @u+ @u ; (6.1)
(u@v + v@v) @p+ @v+ @v ; (6.2)
where is the uid's density, u is the streamwise X-) velocity, v the wall-normal (y-)

velocity, pis the pressure and is the uid's dynamic viscosity. The ow is incompressible,
SO we pose:

@Qu+ @v =0: (6.3)

Lastly, the boundary conditions are:

u=v=0 aty=0; (6.4)
(u;v) ! (U;0) aty!'1l (6.5)
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Figure 6.1: Sketch of a developing boundary layer on a at plate. After White, Fluid Mechanics
(2011).

6.2 Boundary layer equations

6.2.1 Scalings

We start by noting that dynamics occur on a (arbitrary) length scé& L in the streamwise
direction and , the boundary layer thickness, in the wall-normal direction. The spial
derivatives then follow the scalings:

@ @ = (6.6)

In addition, these length scales are not comparabld: . We can thus introduce a

small parameter 1 such that

— = 6.7

] 6.7)
The streamwise velocityu is of the same order of magnitude as the velocity in nitely

far away from the plate U but the order of magnitude of the wall-normal velocityv is

yet to be determined. To that end, we assume that both terms in #incompressibility
constraint are of the same order of magnitude:

U v
which gives:
U
Vv T, (69)
) v U (6.10)

implying that the wall-normal velocity is smaller than the streamwise oe.
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We can now rescale the wall-normal quantities according to the sawise quantities.
We de ne the rescaled quantities by:

X

X = R (6.11)

y = Y- lL; (6.12)
u

u = UV (6.13)

v = v; (6.14)

P = U (6.15)

where the pressure is nondimensionalised in such a way that it remawfsthe same order
of magnitude as the other terms.

Remark: in the case of an incompressible ow, the pressure can deught of as a
mathematical function whose role is to ensure incompressibility.

6.2.2 Asymptotic derivation

Using the dimensionless variables, the incompressibility constraintags:
U U
C@u + =@V =0; (6.16)

yielding:
@Qu +@v =0: (6.17)

Similarly, the Navier{Stokes equation becomes:

U ?2 U U
—@p+ 5@u+@u ;(618)

u? U U
T@p + F@\/ + F@v ; (6.19)

u? U2
—u@u +TVv@u

u? U2
TU@Vv + vy

and simpli es into

1 1
u u-+v u = + —@u + u, 6.20
1 1 1
+ = — + — + : 6.21
U@V +vV@V @ p ReL@V ZReL@V’ (6.21)
where we have introduced the Reynolds numbéte, = UL=
We are interested inRe_ 1. As 1, the term @ u =Rq is the smallest in

equation (6.20) and@ v =Re_ is the smallest in equation (6.21). We drop them.



6. Boundary layer theory { Navier{Stokes approach 66

To keep a balance between advection (left-hand-side) and di usignight-hand-side),
and therefore retain sensible physics, we imposd&e, = 1. As a result, the small quantity
we have introduced is now related to the Reynolds number:

= = Re = (6.22)
a result consistent with the analysis of Von Karman in Chapter 5.

Consequently, the leading order of system (6.20), (6.21) is:

U@u +v@Qu = @p+@u; (6.23)
@p =0; (6.24)

where equation (6.24) implies that the pressure does not vary assothe boundary layer,
but only along it.

We can then express the pressure at any point in the critical layerybapplying the
Bernoulli equation on a streamline away from the boundary layer. Tdre, no energy is
dissipated by viscous forces (the ow is homogeneous) and we have

2

p+ UT = cst; (6.25)

which gives in dimensionless form:

2

p+ ”7 = cst: (6.26)

Outside the boundary layer, the velocity isu =1, so we have
p + % = cst; (6.27)
) @p =0; (6.28)

a relation valid for all y .

6.2.3 Reduced equations

The asymptotic derivation led to remove some subdominant termsdm the streamwise
momentum equation. The incompressibility constraint remains the sae, and as the
pressure has now been simplied away, the wall-normal equation is moenger needed.
The resulting set of reduced equations for the boundary layer wei$

@Qu +@vVv =0; (6.29)
U@u +v@u =@u; (6.30)
and is to be solved together with the following boundary conditions:
u=v =0 aty =0; (6.31)
u! 1 aty 11 (6.32)

The second boundary condition forv is not necessary ay is only derived once with
respect toy in the above equations.
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6.3 Asymptotic solution

Heinrich Blasius (1883{1970), German engineer, University of Hamig

6.3.1 Self-similar variables

While studying the dimensional boundary layer equations

@Qu+ @v=0; (6.33)
u@u+ v@u = @u; (6.34)
where = = , Blasius conjectured that the boundary layer is self-similar, i.e., thaat

any given point along the boundary layer, the velocity pro le is the sae to a stretching
factor on the spatial dimension. He wrote:

u * u(x;y)

=y — =10 (6.:35)

wheref () is a dimensionless quantity and { ) denotes its derivative with respect to
the dimensionless wall-normal coordinate.

One of the virtues of the rescaling is that the wall-normal direction isescaled by a
guantity proportional to the laminar boundary layer thickness (=x  5:5Rex 1=2 )
5:5( x=U)*¥?2 after Chapter 5). In other words, the laminar boundary layer is mpped
onto a rectangle.

6.3.2 The Blasius equation

As the ow is incompressible and two-dimensional, we introduce a samfunction such
that

u= @ ; V= @: (6.36)
Such a change of variable is helpful to collapse our two-variabla;{) problem onto a
single variable ( ) problem: the incompressibility constraint is automatically veri ed as

Qu+@v= @@ )+ @ @ )=0: (6.37)

More details on streamfunctions will be given in Chapter 7.

Using the streamfunction, the system (6.33), (6.34) reduces dowhe single equation:

Q@@ @@ = @: (6.38)

Equation (6.38) has yet to be written in terms of Blasius's variables (85). To do so,
we note that the de nition of the streamfunction (6.36) implies

UtY,)= @ @ ; (6.39)

1
= —f d;: )
) U . @ 1) (6.40)
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68

providing the new de nitions:

() = ( x=U)¥%:

=U ()f();
With these new variables, the spatial derivatives of become:
@ =v(@f + @f@ );
—u g g
>
=U 9 Ufoy—o;
and
@ =UQ@f@;
=Uf OE;
= UfS

where °= @ andf®= @f.

The terms of equation (6.38) therefore become

@ @@  =(Uf) @Uf);

yO

=(UfYuf®

0
_ 2y 00
= v %

@ @

8

@ (Ut9;

u@ Efoo;

1 000
u Sfo

In the end, equation (6.38) simpli es into:
0 0 0
Uzy_zfofoo U2_ff 00 U2Y_2fofoo
1 0
U —f 000 y2z2—ff %=;

0
poog. U g oo g

2

0 0
2 00 2Y 00
U?—ff @ U= f %%

0
u% ufry @ufy;

0
u% ufY_ ylfo

U ifO0.0

(6.41)

(6.42)
(6.43)

(6.44)

(6.45)
(6.46)
(6.47)

(6.48)
(6.49)

(6.50)

(6.51)
(6.52)
(6.53)

(6.54)

(6.55)

(6.56)

(6.57)
(6.58)

(6.59)
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O 1
0 0.5 1

fO

Figure 6.2: Solution of the Blasius equation (6.60) with boundary condtions (6.61) and (6.62).
The dimensionless velocityu=U = f9is represented as a function of the dimensionless wall-
normal coordinate = y(U= x)¥*2.

The variable is easily derived with de nition (6.41) and yieldsU °= = 1=2. The
equation Blasius obtained for the dimensionless quantitly is then
1
f 000 éff 0= p: (6.60)

This equation is complemented with the boundary conditions (6.31) a@n(6.32) that now
write:

fO=f =0; =0; (6.61)
for 1, [ (6.62)

6.3.3 The Blasius boundary layer

Equation (6.60) is generally solved numerically. We show a solution ofishequation in
gure 6.2.

This laminar boundary layer solution is self-similar: the same pro le hokl at any
given positionx along the boundary layer, the only change being a stretching coeient
in the wall-normal direction as is a linear function ofy and depends orx.

The boundary layer equation (6.60) and this solution are valid fox 2 [0;Lnax] and

2 R*, where Lo represents the point at which a change in dynamics occurs that
violates one of the hypotheses made. This point can arise due to arsition where the
boundary layer becomes turbulent. There, wall-normal velocitieseoome of the same
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order as streamwise velocities because of the creation and admecttof eddies and the
whole analysis carried out in this Chapter breaks down.

Sinceu=U! l1las !1 , we can de ne the boundary layer thickness as the region
in which u=U  0:99, or in other wordsf® 0:99. The solution in gure 6.2 provides a
boundary layer thickness of  5:0. Therefore:

% B 5:0; (6.63)

X 1=2
) 5:0 U l; (6.64)
) " 5:0 Ux ; (6.65)
) —  5.0Re, 2 (6.66)

With this velocity pro le known and using de nitions introduced in Chapter 5, we can
compute the skin friction coe cient:

G 0:66Re, 7 (6.67)
as well as the displacement thickness:

” 1:721Re, 12 (6.68)
The momentum thickness can also be computed from the velocity plex

” 0:664Re, 2 (6.69)
which eventually gives the shape factor for the Blasius laminar bouady layer:

H=— 259 (6.70)

6.4 Solution comparison

Table 6.1 provides a comparison of the approximations found in Chagt5 with the ones
obtained by Blasius. Despite the major di erences between the apgaches, we observe
that the error between Von Karman's integral formulation and Blasius boundary layer
theory is rather small: they are at most 10% o for the boundary lagr thickness and skin
friction coe cient.
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Result =X =X H Cr

Blasius laminar 50Re '™  1:72IRe? 259 (066Re

Integral laminar 5:5Re 1:83Re 2.5 073Re
Error 10% 6% 3% 10%

Integral turbulent  0:16Re ™™’  0:.02Re ™’ 1.3 002MRe '

Table 6.1: Comparison of boundary layer characteristics for the yaptotic Blasius lami-
nar boundary layer and the integral formulation from Chapter 5. he quantities compared
are the boundary layer thickness, the displacement thickness , the shape factorH and
the skin friction coe cient ¢ . Results for turbulent boundary layers, as approximated by
the integral method in Chapter 5 are also given for comparison.
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Chapter 7

Potential ow theory

Flows past immersed bodies generate boundary layers. In casesmhthe Reynolds
number is large enough, the boundary layer becomes thin and we case asymptotic
methods (Chapter 6). Outside these boundary layers, the ow isypically inviscid and
irrotational. Such ows are solutions of a Laplace equation and arelted potential ows.

Potential ow theory is not only limited to applications to the outer region in boundary
layer ows. For very low Reynolds number ows, such as electroosiic ows or creeping
ows, the momentum equation can be reduced to a Laplace equati@amd potential ow
theory applies.

7.1 Basic concepts

7.1.1 Velocity potential

For an irrotational ow (r u 0), we can de ne avelocity potential such that
u=r ; (7.1)

or

u= @ ; V=@ ; w=@ : (7.2)

The de nition of the velocity through the velocity potential ensures the irrotationality of

the ow:
ru=rrtr = 0: (7.3)

The Euler equation for an inviscid ow writes:

(@ +(u rjuy=r p+ g (7.4)



7. Potential flow theory 74

for which we have kept the gravitational acceleration term for thesake of exhaustivity.
Using vectorial calculus, we can express the advective term in a dient way:

Qu + %r (u u+(r v u =r p+ g (7.5)
As the ow is irrotational, r u 0 and equation (7.5) becomes
@J+%r (uu) +rp g=0; (7.6)
which can be written with the velocity potential as follows:
@ +%r(u u) +rpr (g x)=0; (7.7)

wherex = (X;y;z). We now assumegy = @ and integrate the equation once to get the
time-dependent Bernoulli equation:

juj? ot
@ + > + p+ gz =cst; (7.8)
wherejuj?=u u=jr j2

The incompressibility constraint, expressed with the velocity potdial, writes

r u=0; (7.9)
) rr =0; (7.10)
) r2 =0; (7.12)

which is the Laplace equation.

When one solves for a potential ow, the outer boundary conditiomare written for the
velocity (gradient of the velocity potential) while at the surface of he immersed structure,
the boundary condition is a vanishing normal derivative of the velogitpotential: @ = 0.
This translates the fact that the immersed structure is an impeneable boundary. All
these boundary conditions turn out to involve derivatives. As a retdt, the solution to the
Laplace equation is not unique and is de ned to a constant. A common way to x this
ill-posedness is to set the average ofto zero. Such a resetting does not impact the the
physical result as the velocity potential only appears through itsetivatives.

7.1.2 Streamfunction

For a two-dimensional incompressible ow, we can de ne atreamfunction such that
u= @ ; v @ (7.12)
This de nition ensures the incompressibility of the ow:

r uU=@Q @@ =0: (7.13)
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Note that de nition (7.12) is not unique. One can de ne an equivalentstreamfunction
Othroughu= @ andv= @ . These two possible de nitions are analogous in the
sense they provide two streamfunctions only di ering by their sign.

If the ow is irrotational, then

T u=0; (7.14)
@. Q@ !
=0; 7.15
) @ @ (7.15)
) rz =0; (7.16)
which is again the Laplace equation.
The two-dimensional Navier{Stokes equation reads
@+ u@u+v@Qu= @p+ @u+ @u; (7.17)
@ +u@v+v@v= @p+ @v+ @v: (7.18)

We take the curl of the above equations to obtain:
@ * +u@u+ @u@u+ @@u+v@u @Qu@v u@v @v@v v@v=r"*; (7.19)

where we have used the relation u = r 2 . Upon correct association of the advective
terms, we eventually get:

@ +Q@r® @@r? =r*: (7.20)
Note that this equation is less friendly than equation (7.16).

Equation (7.16) is accompanied with boundary conditions for the vetty (involving
derivatives of the streamfunction) for the outer boundaries. Té surface of the immersed
structure being a streamline, the corresponding boundary condih is = cst. The
constant set at the surface of the structure is typically O and enses that the problem is
well-posed.

7.1.3 Isolines

Lines along which the velocity potential is constant are calledotential linesand similarly,
lines along which the streamfunction takes a constant value are calletreamlines

Streamlines are tangent to the velocity vectorindeed:

ur U@ +Vv@; (7.21)
Q@ @@, (7.22)
=0; (7.23)

indicating that the vector velocity is orthogonal to the vector nomal to the streamline.
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Conversely, as the velocity is the gradient of the velocity potentialat any point in
the ow, the velocity vector is orthogonal to the potential line(this follows from the
de nition). Di erentiating the velocity potential in two dimensions yie Ids:

d = @dx + @dy; (7.24)

where (@dx; dy) represents the line element. Along a potential liné = 0. Upon substi-
tution of the gradients of , we obtain:

0 = udx+ vdy; (7.25)
) dy = “de: (7.26)

The same calculation can be carried out for the streamfunction witkhe line element
de ned as (dx% dy9:

d =@dx°+ @dy? (7.27)

Y 0 = vdx’+ udy?® (7.28)
0

) Ay = %: (7.29)

Taking the dot product between the potential line element and theteeamline element,
we nd:

0
dxdx®+ dydy’ = dxdx° ”de %; (7.30)
= dxdx® dxdx® (7.31)
=0; (732)

showing that potential lines and streamlines are orthogonal, and @ving again that the
potential lines are orthogonal to the velocity gradient.

7.2 Elementary solutions

We illustrate the use of the velocity potential and of the streamfuetion through a few
examples of elementary solutions in the absence of a structure. this section, the ow
is two-dimensional, irrotational, incompressible and inviscid and obeysjuations (7.11)
and (7.16).

As we shall see in Chapter 8, these equations (and associated kiarng conditions)
are linear and we can therefore add two solutions together to cteaa third solution. The
solutions introduced here thus represent building blocks of poteat ow theory.

7.2.1 Uniform streams

A uniform streamu = UR is both incompressible( u =0) and irrotational (r u =0).
This ow therefore possesses both a velocity potential and a samfunction.
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Figure 7.1: Uniform ow u = UX represented using potential lines X = cst, dashed lines) and
streamlines = cst, solid pink lines). After White, Fluid Mechanics (2011).

De nition (7.2) yields
U=@; 0=@; (7.33)
indicating the velocity potential does not depend oty and that upon integrating the rst

equation we get
= Ux; (7.34)

where we have set the constant of integration to zero.

In the same spirit, de nition (7.12) yields
U=@; 0=@; (7.35)

which shows that the streamfunction is independent of. It follows, upon integration of
the rst equation:
= Uy: (7.36)

No immersed structure is present to set the constant of integrian, so we set it once again
to zero.

The potential lines correspond tox = cst and the streamlines toy = cst. They are
therefore orthogonal as shown in gure 7.1. Finally, it is straighfavard to show that both
and are harmonic functions, i.e., that they solve > =0andr ? =0.

It might be interesting to consider a ow forming an angle with the x coordinate.
De nitions (7.2) and (7.12) imply:

Ucos()= @ = @; Usin( )= @ = @; (7.37)
which gives the following expressions for the velocity potential andreamfunction:

= U(xcos( )+ ysin( )); = U(ycos() xsin( )): (7.38)

7.2.2 Sources and sinks

We inject some uid at the origin (x = 0;y = 0) creating an axisymmetric outward ow
with no azimuthal velocity. This special point is calledsource If, on the contrary, we
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Figure 7.2: Sourceu = Q=2r r = m=rf represented using potential lines { = cst, dashed
lines) and streamlines ( = cst, solid pink lines). After White, Fluid Mechanics (2011).

suck up uid at this point, the resulting velocity eld is pointing inwards and the point
is calledsink.

In polar coordinates, the velocity components associated with awsce or sink are:

Q
U = ——;
f2r
where u, represents the radial velocity,Q the ow rate and u the azimuthal velocity.
Note that the ow rate across a sectiorr = cst in polar coordinates is:
Z 2

Q= urrd : (7.40)
0

u =0; (739)

It follows that Q is not a function ofr.

De nitions (7.2) and (7.12), in polar coordinates, give:

Q _ o~ _ 1. _1o :
= -@ -@; 0="@ = @; (7.41)
which, upon integration give the following forms for the velocity potetial and stream-

function:
Q Q

= =lInr = = 7.42
=inr, > (7.42)

where, once again, the constants of integration have been drauop

The potential lines are circlesi( = cst) and the streamlines spokes (= cst), as shown
in gure 7.2. The Lapace operator applied to the velocity potential ad streamfunction
in polar coordinates writes

2

1 1 1 o
r = F@(r@ )+ r—z@ = F@ 5 +0=0; (7.43)
1 1 1.Q _ ..
r? = F@(r@ )+ r—z@ =0+ r_2@2_ =0; (7.44)
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which con rms that both the velocity potential and the streamfurction de ned in equation
(7.42) are harmonic functions.

The di erence between a source and a sink lies in the sign@f Q > 0 de nes a source
while Q < 0 de nes a sink.

We can also de ne sources and sinks that are not located at the ang Consider
such an object ofpcorresponding ow rat&) located at (X;y) = (a;b. Back to Cartesian
oordinates,r = = x2+ y2, If the source/sink is o set, this relationship becomes =

(x a?+(y b2 The velocity potential from equation (7.42) now writes:

h |
= 23|n P (x a32+(y b?; (7.45)
) = 4gln (x a)?+(y Db?: (7.46)

Similarly, the angle can be expressed in Cartesian coordinates: = tan ly=x. The
streamfunction corresponding to an o set source or sink then vtes:

_Q 1 Yy b
=5 tan  a (7.47)

Remark: it might be easier to think in terms of the source/sink stregth m = Q=2
rather than the ow rate Q.

7.2.3 Free vortices

The last elementary potential ow solution we introduce in this lectue is the irrotational
vortex. The irrotational or free vortex has vanishing radial velocity and the azimuthal
velocity only varies withr. We can then write:

ur =0; u = f(r); (7.48)

Note that this ow naturally satis es the incompressibility constraint. As we want it to
be irrotational, we impose

r u=0; (7.49)
) %[@(ru ) @u/]=0: (7.50)

The solution of equation (7.50), provided the solution form in relatios (7.48) is
ur =0; u = ﬁ; (7.51)

whereK represents the strength of the vortex.

The de nition of the velocity potential and of the streamfunction inpolar coordinates

writes: 1 K 1
0=@ :F@; _:F@ = @; (7.52)

r
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Figure 7.3: Irrotational vortex u = K=r " represented using potential lines ( = cst, dashed
lines) and streamlines ¢ = cst, solid pink lines). After White, Fluid Mechanics (2011).

which vyields:
=K,; = Kinr; (7.53)

where once again, the constants of integration have been droppe

The potential lines associated with this irrotational vortex are spkes: = cst; while
the streamlines are circlesr = cst, as shown in gure 7.3.

A similar calculation to that done for the source/sink in equation (7.48and (7.44) can
be carried out here to demonstrate that both the velocity potemal and the streamfunction
are harmonic functions.

We can also express the velocity potential and streamfunction oha set free vortex
using the same method as for the source/sink. The result for a ¥ex located at (x;y) =
(a;bis:

y b

K
— 1 . — 2 2.
= K tan a4 = 5 In (x a)+(y b-: (7.54)

Note that K > 0 de nes a anti-clockwise vortex whileK < 0 de nes a clockwise
vortex.

7.3  Wrap-up

Your potential cheat sheet!

We summarise the de nitions and properties of the velocity potentisand the stream-
function in table 7.1.
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Function Velocity potential Streamfunction

De nition u=r u=@ ;,v= @

Dimension 3D 2D

r u=0 rz =0 Automatically satis ed

r u=0  Automatically satis ed rz =0
Isoline ( =cst) ?u ( =cst) ku

Table 7.1: Summary of the de nition and properties of the velocity pential and
streamfunction

Elementary ow Velocity potential Streamfunction
Uniform stream = U(xcos( )+ ysin( )) = U(ycos() xsin())
: _Q 2 2 _Q 1y b
Source/sink =2 In (x a“+(y b =5 tan X a
b K
Free vortex = K tan ! Z—a = Eln (x a)?+(y b?

Table 7.2: Summary of the main elementary potential ows. The unifon stream is
de ned by its velocity U and angle with respect to thex-axis: . The source/sink is
de ned through its ow rate Q while the free vortex is de ned through its strengthK .
Both source/sink and free vortex are located atx(y) = ( a;b.

Note that the streamfunction we have introduced in this Chapter iswo-dimensional.
There exist more complex de nitions for the streamfunction that an be used in three
dimensions.

The elementary ows introduced in this lecture are also summarised table 7.2. These
ows prove very useful to construct more complicated and realist models as we shall see
in the next lecture.
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Chapter 8

Superposition of potential ow
solutions

We have introduced in Chapter 7 three ows that are incompressibland irrotational:
a uniform stream, a source/sink and an irrotational vortex. Theyrepresent elementary
potential ow solutions as they possess harmonic velocity potentia and streamfunction

r2 =0; (8.1)
r2 =0: (8.2)

As equations (8.1) and (8.2) are linear, it is possible to superpose el elementary
potential ow solutions to generate additional potential ows. Indeed, if ; and , are
distinct elementary potential ow solution, then:

r2( 1+ ,)=r?2,+r?%,=0+0=0: (8.3)

An identical calculation stands for streamfunctions. In this Chapr, we use this superpo-
sition principle to create more complex ows using the three elementa ows previously
introduced.

8.1 A source and a sink

8.1.1 Magnets

We consider a source of strengtim (ow rate Q = 2 m) placed at (x;y) = ( a;0)
combined with a sink of strength m placed at ;y) = (a;0). The velocity and the
streamfunction characterising the source are:

1
souce = ZMIN[(x + @)% + y7]; ouce = Mtan 1L (84)
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Figure 8.1: Potential ow resulting from the superposition of a source m at (a;0) and a sink
m at ( a;0). Solid lines are streamlines while dashes lines are potéal lines. The direction of
the ow is indicated with the arrows on the streamlines. After White, Fluid Mechanics (2011).

while those of the sink are:

1 y
sink — ém In[(x a)2 + yZ]; sink = mtan ! X—a: (85)
It follows that the composite velocity potential and streamfunctio are the sum of the

two:

= et s =oM@Y x @2y (86)
e o
= soucet sk =M tan lea tan le - (8.8)
= mtan 1%: (8.9)

The potential lines and streamlines obtained for this con guration g shown in gure
8.1. Note that such a gure is well known to electrodynamicists sindée velocity potential
(streamfunction) here is analogous to the electric potential (elet current) of a magnet
with poles at ( a;0).

Moving the relative position of the sink compared to the source (olice-versa) does not
change the resulting ow. Indeed, a trivial change of coordinatg@tation and homothety)
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will always bring us back to this gure. A change in their relative stregth will however
break the left/right symmetry.

8.1.2 The doublet

If we move the source and sink closer to each other, i.e.aifs decreased to a vanishingly
small quantity, we obtain another interesting ow: the doublet. The streamfunction
writes

: 2
=lim mtan ! % (8.10)
al 0 Xty a
2amy
which tends to zero. To avoid this and preserve a ow, we impos&i& = = cst:
y .
m. (8.12)

We can express the velocity potential similarly to obtain:

X -
X2 + y2'

(8.13)

An interesting property of the doublet is the shape of the potentidines and stream-
lines. Indeed, by multiplying the left- and right-hand-side of relatior(8.12) by (x?+ y?)=
and rearranging the terms, we nd:

2 2
2 + + — = _ " 814
X y+ 5 5 (8.14)
indicating that the streamlines are circles. Their centre lies atx(y) = (0; =2 ) and
they have a radius of=2 . Consequently, they all touch the origin (00) and are aligned
vertically. A similar result is obtained for the potential lines: by multiplying the left- and
right-hand-side of relation (8.13) by k2 + y?)= and rearranging the terms, we nd:

2 2
X — +y’= — 8.15
5 y > (8.15)
The potential lines are thus cercles touching the origin (@) and aligned horizontally.
These results are illustrated in gure 8.2.

It may also be helpful to think of the doublet in terms of polar coordiates:

cos
ro’
SN
= r' : 8.17)

(8.16)

This writing will be particularly helpful for cylinder ows.
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Figure 8.2: Potential ow resulting from the bringing a source m and a sink m asymptotically
close to each other. The productam, where a is half the distance between the source and the
sink is kept constant. Solid lines represent streamlines. Mis con guration is called doublet.
After White, Fluid Mechanics (2011).

8.2 A vortex and a sink: tornadoes

Close to ground level, a tornado basically looks like a vortex that is sing up uid

to higher altitude. We can model this by superposing a sink of stretigm and a free
vortex of strength K placed both at the origin (Q0). The resulting potential ow and
streamfunction in polar coordinates are:

= sink T vortex (8.18)
=minr+ K; (8.19)
= sink T vortex (8.20)
=m Kinr (8.21)

The potential lines and the streamlines obtained from equations (8)land (8.21) are
shown in gure 8.3. The uid spirals down to the center, like in a simpli eddepiction of
a tornado.

It is possible to adjust how fast the uid is drained to the center corpared to how
many rotations it does by changing the ration=K. For larger m=K, the vortex is weaker
and the uid goes to the center more rapidly. For smallem=K, the sink is weaker and the
uid particles undergo more revolutions around the core of the torado before reaching
it.
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Figure 8.3: Potential ow resulting from the superposition of a sink m at (0;0) and a free
vortex K at (0;0). Solid pink lines are streamlines while solid black linesare potential lines.
The direction of the ow is indicated with the arrows on the streamlines. After White, Fluid

Mechanics (2011).
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Figure 8.4: Row of vortices of strengthK placed at a distancea from each other. After White,
Fluid Mechanics (2011).

Remark: a real tornado is way more complex. It is a fully three-dimeional ow,
viscous, rotational and turbulent. This potential ow here is not nmeant to model an
actual tornado but just provide some low-level modeling for spiralg ows.

8.3 Many vortices

8.3.1 Cat's eyes

If we create a row of equally strong equispaced free vortices, admating structure arises:
the cat's eyes. The associated streamfunction is

X
= K Inry; (8.22)

i=1

where we have considered an in nite amount of vortices of strergtK , and where the
distance between the-th vortex and the considered point ig; as indicated in gure 8.4.
After some algebra, the in nite sum in expression (8.22) can be collsgd to a closed-form

function:
1 1 2y 2X

= 2K In > cosh a cos a ; (8.23)
where ;y) is the position at which the streamfunction is evaluated. Figure 8.5hews
the streamfunction corresponding to the superposition of suchet vortices. The pattern
obtained is calledcat's eyes the uid in the vicinity of the vortices rotates around the
closest vortex while far enough, it will either go left (above the voites) or right (below
the vortices). Such a pattern is similar to that found in mixing layers ad known under
the phenomenon calleKelvin{Helmholtz instability (see gure 8.6).

8.3.2 The vortex sheet

We can see from expression (8.23) that there are two main regionspinysical space:
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Figure 8.5: Cat's eyes pattern obtained from the con guration shown in gure 8.4. After White,
Fluid Mechanics (2011).

Figure 8.6: Temporal development of the Kelvin{Helmholtz secondary instability in a sheared
uid constituted of two layers, with the black uid being thr ee times denser than the white uid.
After Fontane et al., Phys. Fluids 20, 091109 (2008).
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Figure 8.7: Figure 8.5 viewed from afar. The vortices are packed into a aatinuous vortex sheet.
Above (resp. below) the vortex sheet, the ow goes to the left(resp. right). After White, Fluid
Mechanics (2011).

For small enoughy, we are in a vortex region:

1 2 X
—KIn = 1 cos— 8.24
2 2 a ( )

For large enoughy, we are in a streaming region:

1 1 2y .
EK In > cosh? : (8.25)

Therefore, far from the vortices, the ow is dominated byx-velocity (the approximated
streamfunction only varies withy). Upon di erentiation, we obtain:

J @ (8.26)
1 2 sinh(2y=a)
e cosh(2y=a) (8:27)
K .
— (8.28)

where we have used the fact that far away from the vorticegyj a and therefore
sinh(2 y=a)=cosh(2y=a) = tanh(2 y=a) ! 1.

Looked from afar, the vortices are packed so closely that they kbke a vortex sheet
Above the vortex sheet, the ow is to the left, below, it is to the righ. Figure 8.7 illustrate
this con guration.

In the equivalent limit of in nitely close vortices, the cat's eyes vertial length goes to
zero and there is noy-velocity. The resulting ow looks like a uniform stream possessing
a velocity jump at y = 0. The vortex sheet is a central piece of the modelling of thin
lift-generating surfaces like airfoils.
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Figure 8.8: Potential ow resulting from the superposition of a uniform stream UR and a source
m at (0;0) represented through its streamlines. The direction of tke ow is indicated by the
arrows. After White, Fluid Mechanics (2011).

8.4 The Rankine half-body

William Rankine, (1820{1872), Scottish engineer, University of Glasgv

If we superpose a uniform strearty® and a source of strengthm located at the origin,
we obtain a particular ow: the Rankine half-body. We recall that the velocity potential
and the streamfunction of the uniform stream write:

steam = UX = Urcos; (8.29)
sream = Uy = Ursin : (8.30)
The superposition therefore yields:
= Urcos + minr; (8.31)
= Ursin + m: (8.32)

The streamlines associated with this superposition are shown in ga8.8.

There are two stagnation points: the source atx{y) = (0;0) and an additional point
on the left where the ow injected at the source meets that comingrom the uniform
stream.

To nd the second stagnation point, we write the velocity eld from the velocity
potential:

c
I
@
I

U+ ?cos; (8.33)

?sin : (8.34)

<
0

@
N



8. Superposition of potential flow solutions 92

On the line = , the y-velocity vanishes everywhere, but the-velocity only vanishes
at U m=r =0. The left stagnation point is therefore at {; ) =(a; ) or equivalently
(x;y)=( a;0) wherea= m=U.

This stagnation point is on the streamline that separates the incomgnstream from
the source ow (see gure 8.8). It corresponds to:

=Uasin( )+m( )= m: (8.35)

The upper part of the streamline corresponds to =+ m :

m = Ursin + m; (8.36)
= : 37
) r=a o (8.37)
Similarly, the lower streamline correspondsto = m :
m = Ursin + m; (8.38)
+
) r= aSin : (8.39)
It is a re ection (y ! yor | ) of the upper streamline. These streamlines being

connected and going to in nity, they can be seen as a solid surface.

The norm of the velocity writes:
;

P——— az 2a
V=" u+vi=U 1+r_2+TCOS; (8.40)

where we have useth = Ua.

We can use equation (8.37) to express the norm of the velocity alotig upper stream-
line. Upon setting its derivative to zero, we nd the location where tle velocity is maxi-
mum along the streamline: 1:1 63. This point is labelled Us.nax In gure 8.8 and
by symmetric construction, there exists an analogous point alongpe lower streamline at

11 63 . In the context of boundary layers past a body, this is the point &ér
which the surface ow decelerates and creates an increase in greg. As a consequence,
the laminar boundary layer grows thicker and becomes susceptible separation.



Chapter 9

Potential ows around solid bodies

In the previous Chapter, we have superposed several elemeptaotential ow solutions

to construct a series of more complex ows. We have seen that inghcontext of the
superposition of a source and a uniform stream, a streamline segigs space into two
di erent regions. This streamline can be seen as a solid body, the Rame half-body, and
the ow assimilated to a potential ow around it. Similarly, we have sea that the vortex

sheet was another way to separate space into two di erent regieand that it can be used
as a modelling tool. We focus, in this Chapter, on closed body shapes.

9.1 Closed bodies

Due to the superposition principle (see Chapter 8), we can supeggomany elementary
potential ows together to generate more complex ows. A genaf rule to construct

closed bodies is to superpose a uniform stream, creating the incogiow, with sources,

sinks and vortices. Additionally, to conserve mass, with the out overeated by the sources
equal to the net sink in ow. Generally, the presence of the uniforrstream creates the
incoming ow, the combination of sources and sinks creates the geof the body and
the vortices design shear or velocity di erences across the body.

9.1.1 Rankine oval

William Rankine, (1820{1872), Scottish engineer, University of Glasgv

The rst closed shape we introduce here is obtained by superposiagource-sink pair
to a uniform stream with the source-sink pair aligned with the incomingow. The source
m is placed at &;y) = ( a;0) and the sink m at (x;y) = (a;0). The uniform stream
has formUR.
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Figure 9.1: Flow generated by the superposition of a sourcen located at (x;y) = ( a;0), a
sink  m located at (x;y) = ( a;0) and a uniform stream U®. This con guration creates a closed
streamline around the source-sink pair called Rankine oval This example is represented for
m=Ua= 1. After White, Fluid Mechanics (2011).

The streamfunction writes:

1 2ay

= Uy mtan m;

(9.1)
where the rst term represents the contribution from the unifom stream and the second
term that of the source-sink pair.

The ow associated with the Rankine oval is shown in gure 9.1. The imaming
ow separates after meeting the out ow from the source, creaig a stagnation point at
x = L. It then goes around the source and comes back together fuethdownstream
due to the in uence of the sink atx = a, creating a second stagnation point ak = L.
These two stagnation points are connected by two streamlines amious constitute the
leading and trailing edge of a closed body: thRankine oval Note that the inside of the
Rankine oval is not of interest and we do therefore not represetite streamlines there.

To characterise the Rankine oval, we rst need to determine the igamline on which
these stagnation points occur. Both are ay = 0 for which equation (9.1) gives = 0.
We can now obtain some characteristic quantities related to the R&ime oval by writing

that on its surface:
1 2ay

0=Uy mtan m:

(9.2)

We can determine the half-siz& of the Rankine oval by positing thaty 1. Equation
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(9.2) gives:
Uy mtan ! L22ay 5 (9.3)
) Uy r mLzzayaz, (9.4)
) L az + ZaTm; (9.5)
r
) — 1+ lZJ—rz: (9.6)

Similarly, we can obtain the half-width h of the Rankine oval by settingx = 0.
Equation (9.2) yields:

Uh 2ah
tanﬁ W, (97)
Ua h h 1
) W e Za e 1 (9.8)
h 1 h ? Ua h
- - = 1t - . 9.9
) a 2 a an m a (9.9)

While the length of the Rankine oval is easily computed from equatio®(6), its height
has to be solved numerically due to the transcendental charactgrequation (9.9). We plot
in gure 9.2 the reduced aspect ratio of the Rankine ovdl=h 1 against the groupUa=m
These results indicate a clear dependence of the aspect ratio oe tfondimensional group
Ua=m In fact, we can roughly estimate the aspect ratio by the followingofm:

L Ua
— 1+0:3—: 9.10
H - (9.10)
As a conseguence, increasing the speed of the incoming ow, or simylaeducing the
strength of the source-sink pair increases the aspect ratio ofetliRankine oval: it becomes

longer and longer while getting thinner and thinner.

9.1.2 Kelvin oval

William Thomson, 1st Baron Kelvin (1824{1907), Irish physicist, Univesity of Glasgow

The aspect ratio of the Rankine oval is given by relation (9.10) and inchte that
L h. In other words, the long axis of the Rankine oval is always in the dicdon of the
ow. We give here an example of construction of a closed body that ghaped against
the ow: the Kelvin oval.

We superpose to the same incoming ow as for the Rankine oval twounter-rotating
free vortices. The ow induced by the vortices between the vortes has to be against the
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Figure 9.2: Reduced aspect ratio of the Rankine ovalL=h 1 against the nondimensional

parameter Ua=m. Here, L and h are half the length and half the height of the Rankine oval

respectively, U is the incoming ow velocity, a half the distance between the source and the sink
and m the strength of the source/sink.

incoming ow to create a continuous body. If the vortices are plackat y = a (and
x = 0), and the uniform stream is rightwards, then the upper vortexshould be clockwise
(strength K with K > 0) and the lower vortex should be anti-clockwise (strengtK ).

The composite streamfunction reads:

_ 1, x+(y+a)?
=y K a7

(9.11)
and yields the streamlines represented in gure 9.3. For large valuesK=U a, the obtained
geometry looks similar to the Rankine oval (see g 9.1). However,rf&=Ua < 0:75, the
oval gets pinched atx = 0 and ends up looking like a gure-8 forK=Ua = 0:5.

The symmetry of the con guration indicates that the stagnation wints should be on
y = 0, where the vortex induced ow meets the incoming one. As a reuthe streamlines
reaching these stagnation points are characterised by= 0, giving the following equality

on the streamline: 1 2 2
+(y+
0= Uy —K In X (y a) :

KN ey a7 (9.12)
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Figure 9.3: Flow generated by the superposition of two vortices K located at (x;y) = (0; a)
and a uniform stream UR. This con guration creates a closed streamline around the wrtex
pair called Kelvin oval. The closed streamline is represemd for several values oK=Ua. After

White, Fluid Mechanics (2011).
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We can obtain the half-lengthL? of the Kelvin oval by setting x = 0:

UL®= %K In %; (9.13)
) Al 1+ﬁ ; (0.14)
) exp ZUTLO =1+ %; (9.15)
) L;:%r Lgo 1 2 exp %%0 (9.16)

The half-width h° of the Kelvin oval can also be obtained by assuming 1. We
recall thatforz 1, In(1+2z) z+ O(z?), which gives:

2Uy day
< tEig (9.17)
) neea 2K (9.18)
ho r 2 -
K

9.1.3 Comparison between Rankine and Kelvin ovals

It is interesting to compare the shapes of the Rankine and Kelvin oga At large m=Ua
(small Ua=m), expression (9.6) yields:

r
L 2m

2 Ua’ (9.20)
while expression (9.16) at larg&=Ua (small Ua=K) yields:
0 0 29 0
L 1L T2l 021
Lo 1 LO° >2UalL?®
) 2 i3l Ta (®:22)
LO 2 XK
) = r1— m; (9.23)
LO 2K
) = EI; (9.24)

The half-width can also be compared. Under the same conditions, pegssion (9.9)
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yields:
n 2 #
h 1 h Ua h
-z = 1 == 2
5 Pl (9.25)
h 2 2m
) 3 r 1 Ua (9.26)
h 2m
— —; 9.27
) N 0.27)
while expression (9.19) yields: r
he 2K
— — 9.28
a Ua ( )

Therefore, whenm=Uaand K=Ua are taken large, we observe identical limits for the
size of the ovals in relations (9.20) and (9.24) as well as for their width relations (9.27)
and (9.28).

9.2 Flow past a circle

If we consider the limit of large values om=Uga i.e., of large source strength (or weak
incoming ow, or close enough source and sink), expressions (9.20)d (9.27) indicate
that the Rankine oval tends to a circle. A similar statement can be nue for a large
values ofK=Ua, based on expressions (9.24) and (9.28), for which the Kelvin ovainds
to the Rankine oval, hence to a circle.

The radius of the circle is large compared to the spacing between teeurce and the
sink, as indicated by expression (9.20) or (9.27). As we are interedtin what happens
outside the circle, we can unzoom the same way as when we looked e source-sink
pair in Chapter 8 to unveil a doublet. The Rankine oval viewed from af is then the
superposition of a uniform stream with a doublet:

- y .
= Uy Xty (9.29)
where =2am. In polar coordinates, this becomes:
= Ursin il : (9.30)
For convenience, we set = Ua? such that
2
=uUsin r aT ; (9.312)

for which r = a is an obvious streamline ( = 0): the circle. Note that due to the new
de nition of , a does no longer have any link with the half-distance between the scar
and sink, nor has to be small.
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Figure 9.4: Flow around a rotating circle or radius a generated by the superposition of a uniform
stream UR, a doublet and a vortex of strength K. The streamlines are shown forK=Ua = 0
(@), K=Ua =1 (b), K=Ua =2 (c), K=Ua = 3 (d). After White, Fluid Mechanics (2011).

9.2.1 Rotating circle

The e ect of rotation of the circle can be modelled by adding a free wex of strength K
to the center of the con guration just described. The new straafunction reads

2
=Usin r a K In L; (9.32)
r a

wherer is divided by a in the vortex contribution to the streamfunction so that the circle
still corresponds to the streamline = 0.

Figure 9.4 shows the streamlines around a rotating circle for di er¢rvalues of the
dimensionless parameteK=Ua.
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To understand these gures, we calculate the velocity componemnt

1
Uy = F@ (933)
a2
=Ucos 1 i (9.34)
u = @ (9.35)
. a’ K
= Usin 1+ — + —: 9.36
i 3 ; (9.36)
Expressed at the surface of the circle= a, these yield:
. K
u(r=a=0; u(r=a= 20Usin + E; (9.37)
con rming that there is no radial ow on the circle.
We can calculate the location of the stagnation points on the circle:
. K
0= 2Usin ¢+ ’ (9.38)
sin g = ——: 9.39
) osina= 5o (9:39)
So, forK=Ua =0, i.e., no rotation, the ow is fully symmetric with two stagnation points
on the circle: s;=0and s = , as conrmed by gure 9.4(a). AsK=Ua departs from
0, the ow looses the top/bottom symmetry and the stagnation pmts move at the same
rate (gure 9.4(b)) to meet at ¢ = =2 for K=Ua = 2 (gure 9.4(c)). At larger values

of the relative rotation rate, there is no stagnation point at the stface of the circle: it is
rotating too fast and is surrounded by a layer of uid rotating with it ( gure 9.4(d)).

9.2.2 Circulation

We de ne the circulation as the closed line integral of the tangential velocity:
I

= u ds; (9.40)

where ds is the oriented line element on the closed contou€. In the rotating circle
case studied here, the circulation around the circle quanti es howunh the uid rotates
around the body. The velocity is only azimuthal and the line element inhis direction is
ad , so the circulation writes:

VA 2

(r=a = 2Usin + Kg ad (9.41)
0
=2 K: (9.42)

Unsurprisingly, this quantity is related to circle's rotation rate in a linear fashion.



9. Potential flows around solid bodies 102

9.2.3 The Kutta{Joukowski theorem

Heinrich Gustav Magnus (1802{1870), German physicist, Univergitof Berlin

Nikolay Zhukovsky (1847{1921), Russian aeronautical enginedfioscow State Technical
University

Wilhelm Kutta (1867{1944), German mathematician, University of Stittgart

We can investigate the Magnus e ect generated by the rotation dhe circle by cal-
culating the lift force L acting on it. Such a force is created by a non-trivial pro le of
pressure around the body and has to be counted positively if upvas:. We then write:

VA 2
L= (ps p1)sin ad; (9.43)
0
whereps stands for the pressure at the surface of the circle apgd for that far away from
the circle.

The surface pressure can be calculated on a streamline using ther®elli law and
velocity (9.37):

1 1 . K
pp+SUZ=ps+ > 2Usin + — (9.44)
2 . 2 a "
1, , 4K K 2
= + — + _ : )
) Ps=p1+ 3 U2 1 4sir? Jg S Ua (9.45)
Replacing the pressure in expression (9.43), we obtain:
Z
1 2 4K
L = ZU? —sifd; 9.46
> Y sin® d; ( )
= 2UK; (9.47)
= U (9.48)

This result is known as theKutta{Joukowsky theorem and shows that the lift generated
on a circle due to its spinning is linearly proportional to the incoming owelocity and
the circulation around the circle. It is independent of the radius of the circle.

9.2.4 The D'Alembert paradox

Jean Le Rond d'Alembert (1717{1783), French polymath, Universitof Paris.

In a similar way as that we used to calculate the lift force and derive #hKutta{
Joukowsky theorem, we can compute the drag force acting on thiecle. This force is still
due to the pressure pro le, but it is horizontal. We write:

z 2

D= (ps p1)cos ad; (9.49)
0
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where once again the pressure has to be replaced by expressioa5)9
Z2 4K i

U ?2 1 4sirf + —sin
Ua

cos ad ; (9.50)
=0: (9.51)

Thus, according to potential ow theory, the drag of the circle, otating or not, within a
uniform stream is identically zero. This statement can even be geldised to any body
of any shape and is known as thB'Alembert paradox.



