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Abstract

Abstract

Can the Zhang–Viñals (ZV) equations be used to understand the underlying mechanism that has

led, in certain experimental settings, to highly localised, oscillating states within the Faraday

wave system?

The Faraday wave system has been found to be quite versatile in terms of the patterns that can

be formed on the surface of a �uid undergoing vertical vibrations. A simple Faraday wave

experiment places a layer of �uid on a rigid, horizontal plate that is vibrated vertically at a

certain frequency and acceleration (in a sinusoidal manner). When a critical acceleration (or

critical forcing) is surpassed, the patternless surface loses stability to patterns whose symmetry

depends on the parameters of the system. The contribution of the Faraday system to the �eld

of �uid dynamics can be measured by the longevity of interest in its rich dynamics, dating

from the early recordings of Faraday (1831) to more recent experiments that display a range of

fascinating surface patterns.

The stability of various patterns that have been observed has been investigated theoretically,

and it is evident (see Cross and Hohenberg 1993 and Miles and Henderson 1990 for reviews)

that the types of models that aim to describe the Faraday wave system exhibit interesting non-

linear behaviour regarding pattern formation. Most analytical investigations have focused on

global patterns (patterns that �ll the experimental domain, for example). However, highly lo-

calised patterns have been found in the Faraday system that have so far received less attention.

Localised patterns that oscillate in time have been termed oscillons (Gleiser, 1994). These os-

cillons can exist in both a homogeneous and a patterned background, and form as peaks and

craters on the �uid surface. Experimentally they have been shown to exist in a variety of situa-

tions in both Newtonian (Arbell and Fineberg, 2000) and non-Newtonian (Lioubashevski et al.,

1999) �uids. The experiments of Umbanhowar et al. (1996) show that oscillons also exist in

granular media with similar characteristics to those excited in �uids.

The Zhang–Vĩnals (ZV) model is a �uid dynamics model that is derived from �rst principles

in the limit of small viscosity (via a reduction of the Navier–Stokes equations) and has been

shown to include properties critical to global pattern formation. The ZV model's potential con-

tribution to the understanding of localised states within the Faraday system has not previously



Abstract

been explored in detail. A derivation is presented in this thesis that closely accounts for the

relative sizes of the �uid properties near onset of instability which is supported by results from

a linear stability analysis of the Navier–Stokes equations. A previously unidenti�ed scaling

assumption was highlighted from the derivation. In order to neglect nonlinear viscous terms in

the derivation of the ZV equations, the size of the surface displacement must be small relative

to the thickness of the viscous boundary layer near the surface. This may be indirectly re-

lated to the “uncontrolled approximation” present in the original derivation (Zhang and Viñals,

1997a,b; Chen and Viñals, 1999).

Results from a combination of analytical and numerical techniques are presented to outline a

methodology for searching for localised states in the ZV equations. Guided by the experiments

of Arbell and Fineberg (2000), the new methodology is presented for localised hexagonal pat-

terns which oscillate harmonically with respect to a two-frequency forcing in the ratio2:3.

A parameter range was found where solutions to numerical simulations of the ZV equations

converged to temporally harmonic, localised hexagonal patterns existing among a �at (pattern-

less) background. The localised patterns were distinguished by the number of fully formed

peaks present on a local hexagonal lattice. Distinct patterns with31, 43, and55localised peaks

were found. The existence of localised solutions in a system describing the Faraday wave phe-

nomenon that is derived from �rst principles is a new and important result which aids further

investigation regarding localised states in the ZV equations. Localised oscillating states have

been found in model PDEs which incorporate periodic forcing (Alnahdi et al., 2018), the the-

ory of which may be extended to the ZV system within the parameter range highlighted in the

presented work.



Chapter 1: Introduction 1

1 Introduction

First recorded in experiments by Faraday (1831), parametrically forced (or Faraday) waves are

a classic �uid phenomenon that provide a system capable of motivating rich investigation both

theoretically and experimentally. A simple case of the Faraday wave system is where a layer of

�uid on a rigid, horizontal plate is vibrated vertically at one frequency,! , and acceleration,a.

The term for single frequency forcing is given by

g(t) = acos(!t ): (1)

Although the �uid moves with the motion of the horizontal plate, the surface remains unde-

formed until a critical acceleration,a0, is reached. An unperturbed �uid surface is termed the

�at (or steady) state. Whena surpasses the critical acceleration (or critical forcing) the �at state

surface loses stability to patterns whose symmetry depends on the parameters of the system.

A simple schematic of the Faraday wave experiment is shown in Figure 1.1. The formation

of Faraday waves has been achieved experimentally by placing a layer of �uid on a horizon-

tally aligned and vertically vibrating rigid boundary, such as a �at plate. Experiments have

demonstrated the variety of patterns that have been found within the system and have helped to

establish parameter regimes where certain patterns were observed. Common variations to the

Faraday experiment since the original work by Faraday (1831) have included altering the dis-

tances between the boundaries (sidewalls and lower plate), changing the rheology of the �uid

and increasing the complexity of the forcing (by introducing multiple frequencies and phase

differences). Variations between experimental setups are discussed below.

1.1 Linear stability of Faraday waves

The theoretical progression of the Faraday problem has bene�ted from work on the nature of

the linear stability of the �at surface state. Benjamin and Ursell (1954) modelled the problem

with the forcing given in equation (1) for a vertical vessel with arbitrary cross-section and �nite

depth using inviscid �uid theory. Benjamin and Ursell (1954) investigated the stability of the

�at state to small perturbations in space. They derived a series of Mathieu equations which

represent the growth of each perturbation. In general, the stability of the �at state is governed
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Figure 1.1: Schematic of the Faraday wave experiment. A layer of �uid on a horizontal rigid plate can be peri-

odically accelerated in a vertical motion (in thez direction in the Cartesian frame of reference) to form patterns

on its surface. The wavelength of the pattern is represented by� , the typical length scale of the experiments

(diameter/width of conduit) is represented byL , and the acceleration due to gravity is represented byg0 (acting in

the negativez direction).

by the Mathieu equation in standard form, given by

d2â
dT2

+ ( p � 2qcos(2T)) â = 0; (2)

whereâ is dependent on time,T, andp andq are parameters that determine the growth of

â asT ! 1 . The Mathieu equation given in equation (2) possesses well known instability

boundaries that depend onp andq, shown in Figure 1.2.

For each point on the stability diagram given in Figure 1.2, the variables and parameters of

equation (2) can be related to the physical variables and parameters present in the Faraday

problem. The variablêa represents the time dependent amplitude of the perturbation mode.

The time variable in equation (2),T = !t= 2, is the nondimensionalised time variable with

respect to the frequency of the forcing,! . The Mathieu system exhibits regions of unstable

solutions with subharmonic and harmonic response frequencies that depend on! (Taylor and

Narendra, 1969). Solutions possessing frequencies equal to odd integer multiples of!= 2 are

termed subharmonic, and solutions with frequencies equal to even integer multiples of!= 2 are

termed harmonic. Note that, for consistency, the response frequencies are given here in terms

of angular frequency, or2�=t p, wheretp is the time period of the solution. Solutions grow ex-

ponentially within these regions while temporally oscillating at these frequencies. These types

of temporal responses are labelled within each region in Figure 1.2, where half-frequencies

refer to subharmonic responses and isochronous regions refer to harmonic responses. At the

boundary of these tongue-like regions the solution is marginal, whereâ oscillates at the corre-
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Figure 1.2: Instability boundaries for the Mathieu formulation given in equation (2), taken from Benjamin and

Ursell (1954). The stability regions are plotted against the nondimensional parametersp andq. The regions �lled

with a lined pattern are unstable and the corresponding response frequencies are speci�ed within each region. Re-

lating physically to the Faraday phenomenon,q is linearly proportional to the acceleration of the forcing function

andp quanti�es the effects of gravity and surface tension important to the physical model (see (2.13) in Benjamin

and Ursell 1954). Bothq andp also depend on the �uid depth.
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Figure 1.3: Experimental prediction of the region of unstable modes (dashed lines and hollow circles) against the

predictions of ideal �uid theory (solid lines), taken from Benjamin and Ursell (1954). The parametersp andq are

the same as in Figure 1.2, adjusted to the experimental values within the same study.

sponding frequency but neither grows nor decays. The valuep quanti�es the effects of gravity

and surface tension, andq is linearly proportional to the forcing strength (e.g.,a in equation

(1)). Bothp andq also depend on the �uid depth, the frequency of the forcing, and the spatial

scale of each perturbation (see equation (2.13) in Benjamin and Ursell 1954 for explicit terms).

Benjamin and Ursell (1954) reported a discrepancy between the predictions of the ideal �uid

theory and their experiments regarding the location of the instability boundaries, the error is

shown in Figure 1.3. They suggested that the difference in boundary location was due to the ef-

fects of viscosity being neglected in the model. The Mathieu equation formulation also predicts

that several unstable solutions of varying response frequencies grow simultaneously for an ar-

bitrarily small forcing (see the tongue structures near thep axis,q = 0, in Figure 1.2). However,

their experiments and analysis support instability to subharmonic patterns for Faraday waves

forced with a single frequency forcing.
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A stability investigation that accounted for the effects of viscosity was performed by Kumar

and Tuckerman (1994) using a model describing two �uid layers separated by a horizontal

interface. Kumar and Tuckerman (1994) referred to their model as the Full Hydrodynamic

System (FHS), which can be derived by linearising the Navier–Stokes equations about the

�at state. The results con�rmed that viscosity contributes to the location of the instability

boundaries, showing a preference to one type of response frequency at the onset of instability.

The FHS model is more accurate for small viscosity predictions than the ideal �uid model

of Benjamin and Ursell (1954). The predictions of the FHS were compared by Kumar and

Tuckerman to the experimental data of Edwards and Fauve (1993) and show good agreement

in terms of the predicted dispersion relation for a glycerine–water mixture. Both models were

derived on a domain with no lateral boundaries (neglecting the effects from sidewalls), which

corresponds to an experimental setup with large Aspect Ratio (AR). The value AR is de�ned

as AR= L=� , whereL is a typical length scale of the problem (e.g., container diameter/width

in experiments) and� is the wave length of the excited �uid pattern (see Figure 1.1). The

wall effects are no longer negligible for systems where the AR is not large, and are not easily

handled (Miles and Henderson, 1990). Low frequency forcing also affects the thickness of the

viscous boundary layers associated with the sidewalls, meaning that both small AR and low

frequency forcing can make terms that relate to the boundary layer at the sidewalls critical to

accuracy.

A typical linear stability diagram using the FHS is shown in Figure 1.4, recreated from Kumar

and Tuckerman (1994). Given a forcing amplitudea greater than the critical forcing,a0, a

spatially varying perturbation to the �at state with assumed wave numberk is unstable for

jk j within the range determined by the boundaries of the tongue structures. The value ofjk j

that corresponds toa = a0 is termed the critical wavenumber magnitude,jk0j, with critical

wavenumberk0. For the case demonstrated in Figure 1.4, the �rst instability due to increasing

a from zero to just abovea0 is to a subharmonic temporal response (SH), as located on the �gure

at the minimum of the red curves. On the curve that bounds this region, the neutrally stable

solutions oscillate at a frequency of half the forcing,!= 2. Increasinga further introduces modes

with a harmonic (H) response which oscillate at a frequency of! , located at the minimum

of the blue curves. The tongues alternate between subharmonic and harmonic responses for

increasingjk j. Other response frequencies (that are neither harmonic nor subharmonic) are not

considered in the analysis of Kumar and Tuckerman (1994) since the linear theory predicts that
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Figure 1.4: Marginal stability diagram using the full hydrodynamic system for� 1 = 519:933 kg�m� 3, � 2 =

415:667 kg�m� 3, 
 = 2 :181 � 10� 6 n�m� 2, ! = 200� Hz, � 1 = 3 :908 � 10� 5 Pa�s and� 2 = 3 :124 �

10� 5 Pa�s (Kumar and Tuckerman, 1994). The normalised critical acceleration,ac=g, is plotted as a function of

wavenumber magnitude. On each curve, a perturbation with the corresponding wavenumber will remain neutral

and oscillate either subharmonically or harmonically with the forcing, as indicated by SH/red curves or H/blue

curves, respectively. In each inner region, con�ned by the curved tongue structures, small perturbations with the

corresponding wavenumber will grow. Outside of these regions perturbations will decay.

only harmonic and subharmonic solutions correspond to growing modes.

Kumar and Tuckerman (1994) compared the FHS model to the ideal �uid model used in Ben-

jamin and Ursell (1954) with the inclusion of a linear viscous damping term in the latter. Ku-

mar and Tuckerman (1994) showed that the preferred wavelength of the most unstable mode

is largely dependent on viscosity. For small viscosity, the dispersion relation for each unstable

mode resembles that of an ideal �uid. As viscosity increases, the wavelength of the most unsta-

ble mode increases sharply. This supports a physical interpretation of a system that minimises

viscous dissipation, corresponding to preferring onset at higher wave lengths as dissipation

strengthens. When the predicted critical forcing accelerations were compared between the two
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models near onset it was found that the ideal �uid model with the inclusion of viscous damping

greatly underestimates the critical acceleration for relatively small viscosity, highlighting the

importance of considering the viscous contributions to accurately predict the stability threshold.

A more complex situation arises when the effects of �uid depth are considered. Following from

Kumar and Tuckerman (1994), Kumar (1996) focused in detail on the effects of �nite depth on

the stability of the �at state. It was found that when the depth of the �uid becomes comparable

to the viscous boundary layer at the rigid lower plate, a bicritical instability can occur. At

a bicritical instability, two neutrally stable modes, which typically respond harmonically and

subharmonically at certain parameter values, lose stability simultaneously and may interact

nonlinearly with increased forcing. Besson et al. (1996) also demonstrated bicriticallity for

two frequency forcing as an extension to the method used in Kumar and Tuckerman (1994), as

shown in Figure 1.5. Two frequency forcing typically involves a forcing function of the form

g(t) = a [cos(� ) cos(n!t ) + sin( � ) cos(m!t +  )] ; (3)

wherea is the forcing factor common between the two forcing terms,n : m is the frequency

ratio, � serves to vary the strength of each component, and controls the phase difference

between forcing modes. Following the notation for single frequency forcing,a0 is the critical

forcing strength andcos(� ) andsin(� ) represent the contributions from each respective forcing

mode. Figure 1.5 shows a series of marginal stability diagrams for increasing� for a two-

frequency forcing function. In comparison to the relatively simple tongue structure shown

in Figure 1.4, it can be seen how the evolution of the diagram displays much more complex

behaviour as forcing is mixed via� . The solid lines in Figure 1.5 represent harmonic responses,

with dashed lines representing the subharmonic responses. The location of the most unstable

mode, in terms of wavenumber and forcing strength, is indicated in each panel by a �lled

circle at the corresponding minimum (minima for� = 60� , the bicritical point) of the tongue

structures. The top panel corresponds to parameters in equation (3) where the most unstable

tongue responds harmonically to the forcing (withn = 4 in equation (3) and� = 0). Solutions

within other subharmonic and harmonic tongues require a greater forcing strength to become

unstable at� = 0. As the forcing strengths become more mixed by increasing� in equation

(3) (� = 45� indicates equal strengths of the two forcing components), tongues descend from

the higher forcing strength region, with some forming islands at low forcing amplitude. The

diagram goes through the bicritical phase at� = 60� . At this point the two unstable modes may
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Figure 1.5: Neutral stability curves for(n; m) = (4 ; 5), 4!= 2� = 44 Hz, and = 0 for a forcing function of the

form g(t) = a [cos(� ) cos(n! ) + sin( � ) cos(m! +  )]. The �uid has a dynamic viscosity value of20 cS. Solid

(dashed) lines represent solutions with harmonic (subharmonic) response frequencies. The parameter� varies

from 0 in the upper left panel to�= 2 in the upper right panel, read in a anti-clockwise direction. Plotted is the

value ofa=gas a function of wave numberk (Besson et al., 1996). At� = 60 � the bicritical instability occurs,

with neutrally stable modes responding both harmonically and subharmonically, represented by �lled circles at

the minima of each curve.
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interact in a nonlinear way as the strength is increased. As the forcing becomes dominated by

the second forcing frequency for� > 60� (with m = 5 in equation (3)), the system �rst loses

stability to solutions with subharmonic frequency, this time for a higher critical wavenumber.

Besson et al. (1996) reported experiments that tested the accuracy of the linear stability calcu-

lation for both single and two-frequency forcing. Their experiments were designed to mimic

the assumptions of the stability calculation procedure set out by Kumar and Tuckerman (1994)

by ensuring that a large AR is achieved by using a circular container with a radius of over100

times the critical wavelength. The �uid mixture was silicone oil at25� C and the apparatus was

capable of achieving accelerations up to15times that of gravity. For single-frequency forcing,

it was found that the theory agreed with the experimental data with an error of 2% for up to

moderate frequencies. The origin of the discrepancies at higher frequencies is unknown and

was vaguely suggested to arise due to possible physical effects not captured by the FHS model

(i.e. compressibility, surface viscosity and viscoelastic effects), imperfections of the experi-

mental setup and/or a failure of the numerical calculations to cope with the boundary layers

within the problem. High frequencies may also introduce higher velocities that may contribute

to the problem via nonlinear terms (a nondimensional analysis may be necessary to determine

if these terms are important). For two-frequency forcing, agreement with experimental values

using frequency ratios2:3, 4:5, and6:7 was also close for a range of viscosities and relative

forcing strengths. Figure 1.6 shows the agreement achieved between experimental values and

theoretical predictions of the stability boundaries for varying viscosities, at the4:5 ratio. The

solid lines are the theoretical stability boundaries calculated using the FHS model. Hollow tri-

angles and circles represent experimental data. The triangles in Figure 1.6 represent hysteresis

within the system, where patterns persisted as the acceleration was decreased below the crit-

ical forcing strength. Close agreement between the FHS model and experimental results was

demonstrated, which was elaborated on for other frequency ratio cases in the same study. Un-

like the work of Besson et al. (1996), most experiments on Faraday waves were not performed

with the intention of validating speci�c theoretical estimates. This becomes a problem when

verifying the stability predictions of models when using true parameter values, particularly

since an error in recorded viscosity, when used in the FHS calculation, can lead to the same

error in amplitude prediction (Besson et al., 1996; Skeldon and Rucklidge, 2015). Skeldon and

Rucklidge (2015) demonstrated that other �uid properties can contribute to the error between

experiment and theory to a lesser degree when compared to the error due to the viscosity.
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Figure 1.6: Comparison of experimental (hollow shapes) and theoretical (solid lines) stability regions for(n; m) =

(4; 5), 4! f =2� = 44 Hz and� = 0 for a forcing of the formg(t) = a [cos(� ) cos(n! f ) + sin( � ) cos(m! f + �)] .

The values plotted,a sin(� ) anda cos(� ), represent the strengths of the two terms in the forcing. Viscosity� takes

values of10, 20 and50 cS, with error bars representing the2% accuracy of the viscosity measurements (Besson

et al., 1996).

1.2 Theoretical approaches to pattern formation in the Faraday problem

The linear theory of Faraday waves has limitations in that it cannot determine the pattern that

forms as the unstable modes grow. Patterns are a nonlinear phenomenon in the Faraday prob-

lem. It is useful to express patterns in terms of a pattern lattice. Examples of pattern lattices

for squares, rhomboids and hexagons are shown in Figure 1.7. The wave vectors forming the

lattice,k i , correspond to the unstable modes present in the problem, i.e.,jk i j = jk0j from the

linear stability theory, andi depends on the pattern (i = 1 for rolls, i = 2 for squares/rhom-

boids, andi = 3 for hexagons/triangular patterns, all depending on wave vector orientation).

Theoretical studies have been performed to predict which patterns are selected within the Fara-

day system for a range of parameter values and forcing types, typically through deriving a

system of amplitude equations that describe the evolution of the unstable modes. Unstable

modes possessing different wave vectors have been shown to interact with each other and other

damped modes (modes with wave vectors that do not lie on the critical circles in Figure 1.7,

for example), as well as displaying self-interaction. The strength of the interaction is not only

related to the orientation of the wave vectors but also on the frequency of the corresponding
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Figure 1.7: Schematic of pattern lattices for simple planar patterns with critical wave vectors overlaid, where

jk i j = jk0j for i = 1 ; 2; 3. (a) Square pattern lattice with critical wave vectors oriented�= 2 to each other.(b)

Rhomboid pattern lattice.(c) Hexagonal pattern lattice with critical wave vectors oriented�= 3 to each other.

modes.

Miles and Henderson (1990) derived amplitude equations using a Hamiltonian formulation,

which built upon work by Miles (1984a) through the incorporation of capillary effects. Their

formulation assumes a perfect �uid, i.e., viscous effects are neglected. They model a layer of

�uid in a circular basin with large lateral dimensions compared to the capillary length, where

capillary length is the length scale on the surface of two �uids subject to surface tension. Their

formulation was �rst explored by assuming a multiple scales expansion in time of the surface

displacement. The solution is periodic in space and has a fast time scale possessing a frequency
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Figure 1.8: Top view pictures of experiments by Gollub and Meyer (1983). The excitation frequency is62 Hz

and the �uid is water. The critical forcing amplitude,Ac, is the amplitude at the primary instability which is

experimentally determined (comparable to an experimentally determined version ofa0 from the linear theory).

The variable forcing,A, is increased within the experiments.

of half the value of the forcing frequency. With only a single frequency in the assumed form

of solution, the theory is able to predict an amplitude threshold for subharmonic motion, but is

unable to go further in predicting experimental features shown by Gollub and Meyer (1983),

which displayed periodic modulation and chaotic motion. Figure 1.8 shows the experiments

of the latter at different values of forcing, with (a) demonstrating periodic modulation, (b)

the azimuthal modulation which becomes greater in amplitude and more disordered by (c).

Finally in (d) the pattern becomes chaotic, where the extracted subharmonic amplitude becomes

disordered in time with no discernible frequency.

Miles and Henderson (1990) incorporated internal resonances into their investigation by using

two expansion terms (in the �uid surface variable) with differing frequencies that lie within a

small distance from each other. An expansion using a frequency of!= 2 and! 1, with != 2 ' ! 1,

was analysed by Gu and Sethna (1987) and it was shown that a path to chaos is possible. With

an expansion using frequencies in close proximity,j! 1 � ! 2j � 1, Miles and Henderson (1990)

demonstrated that their theory provides solutions that possess behaviours qualitatively closer
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to experiments. In particular, they found both periodic motion and chaos as predictions of their

model. Miles and Henderson (1990) also provided a similar review of the nature of bifurcation

in experiments that use rectangular domains.

To explore the pattern selection process for weakly dissipative �uids near onset, Zhang and

Vi ñals (1997a) used a reduction of the incompressible Navier–Stokes equations, in a similar

way to Ruvinsky et al. (1991), which lead to the so called Zhang–Viñals (ZV) equations. The

reduction uses various assumptions (discussed in the following sections) that result in a de-

scription that is dependent only on the �uid properties at the surface, reducing the problem to

a two-dimensional formulation. The ZV model describes a �uid of in�nite depth in a mov-

ing Cartesian half-space (z < 0), such that the unperturbed �at interface is always atz = 0.

The sidewalls are neglected, and the �uid is assumed to lie below a �uid of negligible density

and uniform pressure. A velocity decomposition is used that relies on the assumption that the

�uid is quasi-potential. That is, contributions from the rotational part of the velocity �eld are

assumed negligible beyond a small viscous boundary layer generated near the surface. This

methodology �nds support in Ruvinsky et al. (1991), Longuet-Higgins (1992) and Lundgren

and Koumoutsakos (1999), who outlined the method for zero tangential stress at the surface, as

in the setup of the ZV equations.

Zhang and Vĩnals (1997a) investigated the effect of resonant triads on pattern formation within

the Faraday problem in the limit of small viscosity for single-frequency forcing. Triadic in-

teraction is thought to be important to the pattern selection process in Faraday waves in the

weakly viscous limit (Zhang and Viñals, 1997a; Edwards and Fauve, 1993) since it may ex-

plain the arrangement of wave vectors of the most linearly unstable modes (which have no

speci�c orientation when instability is triggered) to other wave vectors inherent to the problem.

Resonant triads describe the nonlinear interaction between linearly unstable waves with other

linearly unstable and stable waves in a form of energy exchange between unstable and damped

modes (Phillips, 1981). The interaction is dependent on the wave vectors and frequencies of

the interacting modes through a system of the type

k1 � k2 � k3 = 0;

! (k1) � ! (k2) � ! (k3) = 0 ; (4)

wherek j represent the excited wave vectors with corresponding frequencies! (k j ) for j =
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Figure 1.9: Schematic of the type of resonant triads explored in Zhang and Viñals (1997a). (a) Wave vector

orientation of resonant triads satisfyingk1 + k2 � k3 = 0 , jk1j = jk2j = jk0j. (b) Sketch of a marginal stability

diagram corresponding to the resonant triad shown in panel (a), showing the leading order temporal response of

the linearly unstable (atjk0j) and stable (atjk1 + k2j) modes within the triad. The frequency of the response for

eachk is labelled within the linear stability tongues.

1; 2; 3. For single frequency forcing (for! = 2 in equation (1)), Zhang and Viñals (1997a)

found that the most unstable modes (with critical wave vector magnitudejk0j) respond sub-

harmonically to the forcing (with frequency!= 2). Resonant triad interaction between modes

satisfying the system

k1 + k2 = k3;

! (k1) + ! (k2) = ! (k3); (5)

where! (k1) = ! (k2) = != 2 (! (k3) = ! ), was explored. A schematic of this case is shown

in Figure 1.9, where� is the angle between the unstable modes,k1 and k2, and the mode

corresponding tok3 is weakly damped. Figure 1.10 shows the resonant angle satisfying the

system given by (5), plotted against� 0, where� 0 is a measure of the dominance of capillary

action/surface tension (� 0 = 0 represents gravity effects only and� 0 = 1 represents surface

tension only).

Zhang and Vĩnals (1997a) derived amplitude equations to describe the evolution of unstable

modes with arbitrary orientation. The coef�cients of the amplitude equations quantify the

effects of the forcing, the excitation of the amplitude with itself (self-interaction), and the inter-

action between amplitudes corresponding to different wave vectors (cross coupling). The cross
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Figure 1.10: Resonance angle,� r
jl , between unstable modes (see panel(a) in Figure 1.9) plotted against� 0, where

� 0 represents the strength of surface tension/capillary effects (� 0 = 0 represents gravity effects only and� 0 = 1

represents surface tension only). Subscriptsj andl correspond to the linearly unstable modes (e.g.,j = 1 and

i = 2 ). Image from Zhang and Viñals (1997a).

coupling term (denoted here asb(� ) due to its dependence on the angle between the pattern

wave vectors) is important to consider when determining the impact of a resonant triad inter-

action because it determines the strength of the nonlinear interaction between spatial modes.

Upon varying the angle between unstable modes with wave vectorsk1 andk2 to be some di-

vision of � for regular patterns (i.e.�= 2 for squares and�= 3 for hexagons), Zhang and Viñals

(1997a) theoretically approximated, by minimisation of the Lyapunov functional associated

with their amplitude equations, the stability of patterns that range from squares and hexagons

to fourteen-fold quasipatterns. It was found that resonant triads are of critical importance in

a capillary dominated regime (� 0 = 1) regarding the formation of global, subharmonically

oscillating square patterns. Figure 1.11 shows the cross coupling coef�cient for two values of


 , where
 quanti�es the effects due to viscosity (
 � 1 for weakly viscous �uids). Peaks

can be observed in the cross coupling coef�cient at approximately74:9� , corresponding to the

maximum resonant angle shown in Figure 1.10. The results of Edwards and Fauve (1994)

support resonant triads as an important mechanism to consider, where it was shown experi-

mentally that it was a weak triadic interaction that was responsible for the hexagonal patterns

that were present in their work for a weakly viscous �uid under two-frequency forcing. Zhang

and Viñals (1997a) showed that as capillary effects were weakened, the resonant triad was al-

tered and square patterns became unstable. This was demonstrated within the capillary–gravity
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Figure 1.11: Example of the cross coupling coef�cient,b(� ), denotedg(cjl ) in the analyisis given in Zhang and

Vi ñals (1997a), plotted againstcjl = cos(� jl ), where subscriptsi andj represent the index of the unstable modes

with wave vectors separated at an angle of� jl . Two examples are shown for� 0 = 1 with different 
 , where


 quanti�es effects due to viscosity (
 � 1 for weakly viscous �uids). Sharp peaks can be observed near the

resonant angle corresponding to� 0 = 1 in Figure 1.10.

regime (� 0 = 1=3), where hexagonal and quasipatterns became preferred near onset, depend-

ing on the strength of the viscous term. It is not discussed in detail whether using variational

techniques (expressing the amplitude equations in gradient form) to analyse a nonvariational

problem affects the validity of the approach. However, predictions of patterns at onset from

Zhang and Vĩnals (1997a) using this method found qualitative agreement with experimental

work. This is discussed in more detail in Section 1.3. Note that multiple formations of reso-

nant triads can exist, governed by the system given in equation 4, with cases becoming more

complex as the number of frequency modes increases.

Silber and Skeldon (1999) used the ZV model as a simpli�ed version of the FHS to investi-

gate the effect of normal form symmetries on the role of resonant triads. They focused on the

instability at the bicritical point associated with two-frequency forcing, where the1:2 and2:3

frequency ratios were explored. By demonstrating resonance in one dimension, in place of

resonant triad interactions, it was shown how resonant triads may play an important role when

the response to the forcing is subharmonic for a frequency ratio of1:2, with insensitivity to the

same situation when the response is harmonic with frequency ratio2:3. Silber et al. (2000) ex-

tended this work to the 2D case where they found that, for the2:3 ratio at onset to subharmonic

instability, near the bicritical point, weakly damped harmonic modes have a strong effect on

the bifurcation problem. However, weakly damped subharmonic modes did not affect the har-

monic wave pattern selection mechanism for a harmonic instability. For higher frequencies the
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case becomes more complex owing to the fact that the neutral stability curve includes weakly

damped harmonic modes that are of more importance to pattern formation at harmonic bifurca-

tion than the critical subharmonic mode, which exists for a frequency ratio of6:7. The results

of these studies struggled to �nd proper quantitative validation with experiments due to the fact

that the ZV equations are not valid outside of the assumption of small viscosity.

The ZV equations capture physical behaviour that is not necessarily found in other model for-

mulations for the same problem. The authors compared their formulation against a Hamiltonian

form that uses a dissipative function approach (Miles, 1977). Both approaches deliver the same

energy decay rate for linear surface waves but contradicting linear viscous terms. In a Hamil-

tonian formulation, dissipation functions are often included through phenomenological means.

In this case, the ZV equations deliver the correct linear damping term in the governing equation

for the potential �ow and a damping term in the equations for surface displacement which is

missing in a Hamiltonian formulation that applies the same dissipation function as in Miles

(1977). Critical to the successful use of the ZV equations is determining a valid range in pa-

rameter space for which neglecting nonlinear terms in viscosity is an accurate assumption (see

the derivation presented in Zhang and Viñals 1997a, along with Section 2 of the thesis). This

is an open issue in the ZV formulation, and the neglect of nonlinear viscous terms disagrees

with the conclusions of Milner (1991). In the latter, it is proposed that nonlinear viscous damp-

ing terms contribute to the pattern formation in an important way. Zhang and Viñals (1997a)

showed that the inclusion of linear viscous terms leads to effects within the nonlinear ampli-

tude equations, particularly within the coupling function between amplitudes, which are not

accounted for within Milner's formulation.

Chen and Vĩnals (1999) continued the investigation into a valid range for viscosity for use of

the ZV equations in a similar manner to Kumar and Tuckerman (1994). The authors of the latter

investigated the linear stability of the �at surface for a viscosity range not restricted to small

values. By assuming that the upper �uid layer has negligible density and constant pressure the

FHS system can be reduced to a one layer system with appropriate surface conditions (see also

Kumar 1996), similar to that of the ZV setup (see Section 2). The solution to the one layer

system can be analysed numerically to show that, for as long as the forcing period is much

shorter than the viscous damping time, represented by the condition

k2 �
!

� 1; (6)
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where� is the viscosity,k is magnitude of the wavenumeber at onset, and! is the forcing

frequency, the relative sizes of the �uid properties can be found near onset of instability and

may justify the assumptions made in the ZV equations. Kumar and Tuckerman (1994) stressed

that, past a certain limit in viscosity, the �ow should be considered fully rotational; the quasi-

potential approximation of the ZV equations breaks down.

More recently, Skeldon and Porter (2011) assessed the performance of the ZV equations against

both a model that uses results from the full Navier–Stokes equations, termed the NS model,

and predictions of scaling laws estimated from symmetry based arguments (Porter and Silber,

2002). For parameter choices motivated by experiments, Skeldon and Porter (2011) demon-

strated that for two-frequency forcing, for the Faraday problem in the limit of weak viscous

dissipation, the ZV and NS predictions are within good agreement between each other as well

as the predicted scaling laws. This agreement was measured quantitatively throughout their

work and it was shown that as viscous dissipation is strengthened, the agreement between NS

and ZV is eventually only qualitative. Their analysis of the ZV model was performed in the

weakly nonlinear regime close to onset of instability to the �at state using a multiple scales

expansion, where results from the resulting amplitude equations were compared. The cross

coupling term (discussed above) used to compare the NS and ZV models,b(� ), is shown in

Figure 1.12 for a range of viscosities for two-frequency forcing in the ratio6:7. The solid lines

were computed from the NS model and the dashed lines were computed from the ZV calcula-

tions. Both the ZV model and the NS model capture prominent resonant triad interactions for

the6:7 forcing ratio. The singularity at60� (relating to a resonant triad on a hexagonal lattice)

was due to the calculations being performed for only two of the three critical modes. A region

near� = 60� is removed in subsequent panels for increasing viscosity. At� � 22� a resonant

triad occurs between the two critical modes and the7 � 6 (1) mode (with response frequency

! ), shown by the localised peak in Figure 1.12 (this interaction favours related patterns). This

feature is consistent in both model predictions for increasing viscosity, although deviations be-

tween the ZV and NS model become more pronounced as viscosity is increased. At� � 70� a

resonant triad occurs between the two critical modes and the6 mode, featuring a large trough

at low viscosity (this interaction avoids related patterns). The resonant interaction becomes

less important near� = 70� as viscosity is increased. Skeldon and Porter (2011) suggested that

pattern selection due to resonant triad interactions behaves in a more complex manner for multi-

frequency forcing when compared to single-frequency forcing. This highlighted that one of the



Chapter 1: Introduction 19

Figure 1.12: Comparison of numerical results between the Zhang–Viñals (ZV) model and the Navier–Stokes (NS)

(Skeldon and Porter, 2011) for6:7 forcing. The cross coupling coef�cient,b(� ), is normalised by the absolute

value of the self-interaction coef�cient,jsj. The values are� = 55 � , G0 = 0 :0396and� 0 = 0 :2104. From (a)–

(d), 2�k 2
0=! c = 0 :01, 0:05, 0:1 and0:5, where� is the kinematic viscosity,k0 is the wave number that satis�es the

inviscid dispersion relation and! c is the dominant frequency. The dashed lines represent the ZV equations and

the solid lines represent the NS equations. As viscosity is increased the results depart between the two models,

but still show some qualitative agreement.
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main conclusions of Zhang and Vinals (1996), speci�cally that patterns are avoided based on

the strength of interaction, is not a general mechanism. This was supported by the �nding that

some resonant triad interactions promote related patterns at the6:7 forcing ratio. It is clear how

increasing the nondimensional viscosity preserves similar structures between both models, but

loses quantitative agreement for the same parameter values. The results of the comparison re-

inforce that the ZV model possesses relevant mechanisms for pattern formation that are present

in the full NS model, even for moderate viscosities, where the ZV retains features predicted

from the NS model (see panel(d) in Figure 1.12).

1.3 Patterns in experiments

Experiments using single-frequency forcing were performed by Douady and Fauve (1988) on a

Newtonian �uid (water), with frequencies ranging between30and40Hz. By vertically vibrat-

ing a vessel with dimensions8:06� 8:06� 0:50cm3, they observed patterns with both square

and hexagonal symmetry and investigated the interaction of the spatial modes that determine

the pattern. Table 1 of Kudrolli and Gollub (1996b), and the phase diagrams for different vis-

cosities (Figures 2-4 therein), give a detailed description of pattern selection at onset for larger

viscosities than were investigated by Douady and Fauve (1988). They observed a variety of

patterns which onset as hexagons, squares or stripes depending on the forcing amplitude and

frequency. An example of a phase diagram is shown in Figure 1.13. Edwards and Fauve (1994)

performed the single-frequency experiment on a glycerol–water mixture of larger viscosity than

the water in Douady and Fauve (1988), and argued that the onset to a square pattern found in

the latter is not necessarily independent of the domain shape, although their study had a small

depth that may not be comparable to other low viscosity experiments performed with a large

depth layer. Besson et al. (1996) investigated the instability of the �at state for small �uid depth,

but only thoroughly for two-frequency forcing. Edwards and Fauve found that, as viscosity is

increased, the preferred pattern at onset is parallel rolls.

The situation becomes more complicated, as well as the patterns becoming more intriguing,

when the forcing term contains two frequencies. Edwards and Fauve (1994) investigated pat-

terns using two-frequency forcing in the same glycerol–water mixture as previously mentioned

for the single-frequency forcing experiments. They found that the pattern at onset, and ranges
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Figure 1.13: Phase diagram from Kudrolli and Gollub (1996b) from experimental data. The forcing acceleration

is a, g is the acceleration due to gravity, anda=g is plotted against forcing frequency. The lines in the diagram

represent the transition between the regions in parameter space that display different patterns, with each region

labelled by its pattern. STC stands for spatiotemporal chaos, TAM is transverse amplitude modulation and mixed

is the region where stripes and STC are bistable. The viscosity of the �uid is0:5 cm2s� 1.
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Figure 1.14: Stability boundaries (solid lines) for a two-frequency forcing of the form

a[cos(� ) cos(n! )+sin(� ) cos(m! +  )], with n = 4 , m = 4 and  = 75 � , from Edwards and Fauve

(1994). The label “F ” represents the �at state, “L2” and “L1” are roll patterns of different wave numbers, “H ”

represents hexagons, and “Q” is the quasi pattern (see Figure 1.15). The dashed line indicates hysteresis.

in parameter space where bifurcations to different patterns happen, are strongly dependent on

the frequency ratio, the amplitudes, and the phase difference between the two modes used in

the two-frequency forcing. The parameters they referred to are the ones given in equation (3).

The phase diagram in Figure 1.14 shows an example of the type of patterns that were observed

for two-frequency forcing, along with their location in parameter space. It can be seen that

roll patterns (labelled “L” for lines), hexagons, and quasipatterns exist for various ranges in

parameter space. Quasipatterns are patterns with long-range order but do not possess spatial

periodicity (they have also been found to be periodic in time). The quasipattern state inside the

dashed box of Figure 1.14 is shown in Figure 1.15, and was investigated in detail in Edwards

and Fauve (1993).

Müller (1993) performed experiments using a low viscosity silicon oil under two-frequency

forcing and found triangle patterns on the �uid surface. The vessel was a plastic cylindrical

container with a diameter of80 mm and the �uid depth was2:3 mm. The triangular patterns

were observed forn = 2 andm = 4 over a range of phase differences, . These triangular pat-
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Figure 1.15: A top view picture of a Faraday wave experiment by Edwards and Fauve (1994). Light re�ected from

the surface of a vertically vibrated, Newtonian �uid is used to visualise the quasipattern of twelve-fold symmetry.

The �uid is a mixture of 88% glycerol and 12% distilled water.

terns existed in a region where they competed for stability with hexagons, where both patterns

oscillated subharmonically to the forcing (with response frequency! ). Other experimental in-

vestigations using two-frequency forcing reported the existence of superlattice patterns, de�ned

as patterns that consist of two interacting lattices. For example, one type of hexagonal super-

lattice (with 12 wave vectors on the critical circle) can be represented by two lattices of the

type displayed in Figure 1.7c superposed and rotated with an angle between0 and�= 3 to each

other. Superlattice patterns differ to quasipatterns in that they have spatial periodicity. Kudrolli

et al. (1998) found two kinds of superlattice patterns composed of two hexagonal lattices for

two-frequency forcing. Their investigation was performed in a large AR system using silicone

oils with viscosities ranging between20 and50 cm2s� 1. The two cases explored were the 4:5

and 6:7 frequency ratios. Arbell and Fineberg (2002) found four types of superlattice patterns

in a similar two-frequency investigation, and highlighted that lattices with wave vectors that

do not all lie on the critical circle can interact in an important way. They concluded that the

patterns arise due to either a symmetry breaking bifurcation to a hexagonal pattern composed

of one unstable mode, or the interaction of the two unstable modes corresponding to the two

forcing frequencies. The choice of which of these nonlinear process occurs depends on the

parameters in equation (3).
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The theoretical analysis given by Zhang and Viñals (1997a) showed qualitative agreement with

experiments in terms of which patterns are preferred at onset, particularly with Kudrolli and

Gollub (1996b) in the capillary-dominated regime where the preferred onset pattern was deter-

mined to be square at onset – passing to hexagons as the frequency was modi�ed. However, at

the smallest viscosity and frequency measured (in the single-frequency forcing case), the ZV

amplitude equations predicted an eight-fold quasi-pattern in contrast to the hexagons actually

observed. This discrepancy may have been due to the �nite depth of the experiments (the ZV

equations were formulated for a �uid of in�nite depth). Zhang and Viñals (1997b) tested their

formulation for two-frequency forcing against experiments reported in Müller (1993). Qualita-

tive agreement was found in the parameter space where stability exists for different onset pat-

terns, and a comparison of the bicritical line (a line that separates the dominant subharmonic

from harmonic responses) was performed. The parameter values used in the experiments of

Müller leads the results of the comparison to the predictions of the ZV model to lack quan-

titative justi�cation, since the experiments used a value for the damping parameter that may

have been too large for the small viscosity assumption used to derive the ZV equations. The

ZV equations performed well, however, in comparison to experiments reported by Binks and

van de Water (1997). The experiment was performed using a Newtonian �uid in the limit of

small viscous dissipation, measured by the value4�k 2=! (equal to0:03 in the experiments),

where� is the dynamic viscosity,k is the wavenumber at onset and! is the frequency of the

forcing. The authors seemed to have performed the experiments with the aim of validating the

ZV theory. The stability boundaries of patterns with different symmetries were found to lie

within 10%of those predicted by the ZV theory, and were closer when accounting for a cor-

rected critical acceleration (the dependence of the critical forcing to the viscous dissipation),

although an error was not given for the latter case.

1.4 Theoretical examples of localised states

A good starting point for discussing systems of PDEs with localised state solutions is the much

studied Swift–Hohenberg equation in one spatial dimension with a nonlinear source term. A

simple version of the PDE is given by

@tu = ru �
�
q2

c + @2
x

� 2
u + f (u); (7)
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whereu is a scalar function ofx and t, r is the bifurcation parameter andf is a nonlinear

function ofu. In general, there are also bifurcation parameters insidef . The valueqc represents

the critical wavenumber. Swift and Hohenberg (1977) �rst put forward the general form of the

equation to model convective instabilities in one-dimensional (1D) hydrodynamic systems. The

steady state solutions to equation (7) are found by eliminating the time dependence and solving

the resulting ODE in the space variablex. Of the steady state solutions to equation (7) (for

certain parameter ranges and choices for the form off ), there exists a patterned state (where

u is spatially periodic) and the trivial homogeneous zero state (whereu = 0) in a region of

bistability. A bistability region occurs when two steady states are stable over the same region

in parameter space. Since the Swift–Hohenberg equation is variational problem, stability with

respect to equation (7) refers to the minimisation of the associated Lyapunov functional. In the

bistable case, stability corresponds to local minima of the Lyapunov functional. As an example,

Burke and Knobloch (2007) investigated the localised states of equation (7) forf (u) = 2 u3� u5

(treatment for the general quadratic–cubic form can be found in Burke and Knobloch 2006).

The bifurcation diagram within the region of bistability is shown in Figure 1.16. The system

has a saddle–node bifurcation to patterned states at the value ofr = r3 ' � 0:8891, and a

subcritical primary bifurcation atr = r0 = 0. One patterned state (the upper branch labelled

uP ) is stable and the other is unstable. Therefore, bistability exists between the stable patterned

state and the stable �at state,u0, for r3 < r < r 0. The pointrM 1 in 1.16 is referred to as the

Maxwell point. The Maxwell point occurs when the energy of the patterned state,uP , is equal

to the energy of the �at state,u0, where the energy is calculated via the associated Lyapunov

functional for eachr .

For localised states among a homogeneous background (u0 = 0) in 1D , with f (u0) = 0 , solu-

tions have a form,ul , say, that decays to0 asx ! �1 , matching the homogeneous state, but

that grows and decays in some range forx. This is equivalent to forming what is termed a ho-

moclinic orbit to the �at state in the space variable. In general, a homoclinic solution represents

an orbit in phase space that asymptotes in both directions (increasing and decreasingx) to the

same steady state, with a deviation for some range in space. Heteroclinic solutions asymptote

to different solutions in space, with a front between them. The structures of the stable and

unstable manifolds of the homogeneous zero state, that are locally tangent to the stable and

unstable eigenspaces close to the equilibrium point, determine the types of orbits that are pos-

sible through their interaction with each other and other stable and unstable manifolds related
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Figure 1.16: Bifurcation diagram for system in equation (7), withf (u) = 2 u3 � u5 andqc = 1 . The norm

N =
�

1
L c

RL c

0 juj2dx
� 1

2
is plotted as a function of the bifurcation parameterr , where bold lines indicate stability

of the solution and thin lines are unstable. Theu0 branch represents the �at state andup represents the patterned

state. The saddle–node bifurcation is located atr = r 3 and the subcritical primary bifurcation is atr = r 0 = 0 .

Solutions of theu+ branch are nonzero homogeneous steady states. The pointr M 1 ' � 0:6752 is where the

Lyapunov functional (or free energy) of the system is zero for both the zero state and the patterned state. Figure

from Burke and Knobloch (2007).
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to other steady solutions, as well as properties of the system such as reversibility (Knobloch,

2015; Champneys, 1998).

For r < 0, jr j � 1, steady localised states are found in equation (7) analytically using a

multiple scales expansion inx by introducing the slow variableX = �x , where� is a small

parameter. Using an asymptotic expansion foru = �
�
A(X )eiqcx + �A(x)e� iqcx

�
+ O(� 2), with

qc = 1 andf (u) = 2 u3 � u5, Burke and Knobloch (2007) found the solvability condition that

leads to the slow varying amplitude equation,

4
d2A
dX 2

= � 2A � 6AjAj2 + O(� ); (8)

wherer = � � 2� 2, � 2 > 0, andA is the complex amplitude of the small perturbation. The

solutions to equation (8) are invariant under the transformationA ! Aei� , where� determines

the phase of the underlying wave pattern atO(� ) in u. The trivial homogeneous solution to

equation (8) corresponds to the �at state, and the constant value homogeneous solution corre-

sponds to the patterned state. Of interest, however, is the elliptic solution at leading order to

equation (8), which is modulated in amplitude over the slow scale and is of the form

A(X ) =
�

2� 2

3

� 1
2

sech
�

X
p

� 2

2

�
ei� :

The phase shift,� , for this solution does not remain arbitrary. The speci�c values for� can be

determined by considering a multiple scales analysis beyond all orders (Bensimon et al., 1988;

Yang and Akylas, 1997; Melbourne, 1998; Chapman and Kozyreff, 2009). The values corre-

spond to the crossing of the stable and unstable manifolds ofu0 (Burke and Knobloch, 2007),

which leads to what is termed homoclinic snaking, shown in Figure 1.17. Solution pro�les

corresponding to labels in Figure 1.17 are shown in Figure 1.18. Localised solutions bifurcate

subcritically atr0. Following the branches for decreasingr , the localised solutions are initially

unstable (thin curves) and go through saddle–node bifurcations (located at the branch turning

points). The localised states stabilise passing through the �rst saddle–node. Following further

along the branches, the points inr where saddle–node bifurcations exist become asymptoti-

cally close to the fold limitsrP 1 andrP 2. The region bound byrP 1 andrP 2 is associated with

a stretching of the Maxwell point, and relates to the conclusions of Pomeau (1986) in that,

for variational systems, fronts (which are connections between states) between the patterned

state andu0 are possibly robust for a range of parameters. Pitchfork bifurcations to asymmetric

states exist near the saddle–nodes within the snaking region, forming “rungs” between each
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Figure 1.17: (a) Full bifurcation diagram for the Swift–Hohenberg equation (7), which includes the steady so-

lutions shown in Figure 1.16. The localised branches with phases� = 0 and � represent states that are even

(ul (x) = ul (� x)), and branches with� = �= 2 and3�= 2 are odd (ul (� x) = � ul (x)). These branches oscillate

betweenr = r P 1 andr = rP 2 in a formation known as snaking. The even and odd solutions lie on the same

branches under the normN =
�

1
L c

RL c

0 juj2dx
� 1

2
. (b) Close up of the branches in the snaking region, where the

branches start to go through saddle–node bifurcations ((a), (c), (d) and (f)). The location of the saddle–nodes,

following the branches further, tend to the edges of the region shaded in both panels,r P 1 � r � r P 2. Points (b)

and (e) lie on solution branches that break the symmetry of the problem, which occur as pitch-fork bifurcations

near the location of the saddle–nodes. Figure from Burke and Knobloch (2007).



Chapter 1: Introduction 29

Figure 1.18: Solution pro�les corresponding to labels(a) – (f ) in Figure 1.17. Solutions(a) and(f ) lie on the

� = �= 2 branch and(c) and(d) lie on the� = 0 branch in Figure 1.17. Solutions(b) and(e) are asymmetric,

lying on the branches that originate at pitchfork bifurcations near the saddle–nodes in Figure 1.17.

pair of branches (details on how these states are formed and their stability can be found in

Burke and Knobloch 2007). Coullet et al. (2000) investigated localised structures within the

parameter space where stable fronts are robust in 1D, and showed a more complex situation for

2D systems. They demonstrated that within a region for their bifurcation parameter, the fronts

of localised states are stable. Either side of this region, the fronts travel to form a �at state

(peaks/troughs disappear from each end of the localised state until the state is homogeneous)

or a patterned state (peaks/troughs appear at each end of the localised state until the global

patterned state is reached). The appearance of localised states is linked to the evolution of the

stable and unstable manifolds in phase space as the bifurcation parameter is varied.

An interesting investigation on localised solutions of the 2D Swift–Hohenberg equation was

given by Lloyd et al. (2008), where stationary localised states were sought in the equation

@u
@t

= �
�
1 + r 2

� 2
u � �u + �u 2 � u3; (9)

wherer 2 = @xx + @yy , the functionu depends on space,(x; y) 2 R2, � is the bifurcation pa-

rameter, and� is a paramter of the system. Lloyd et al. (2008) explored the region in parameter
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Figure 1.19: Planar hexagon pulses calculated from equation (9), image from Lloyd et al. (2008). Both fronts

have different orientations with respect to a hexagonal pattern lattice that can be categorised via the Bravais–

Miller index, h10i for the left panel, andh11i for the panel on the right (see Lloyd et al. 2008 for a detailed

de�nition of the Bravais–Miller index notation).

space where the trivial state,u = 0, and regular hexagon patterns were both stable. Equation

(9) admits a �rst integral and an associated energy functional (Lyapunov functional) that allows

the Maxwell point to be calculated, identifying a search region for localised states. Lloyd et al.

(2008) solved equation (9) numerically to �nd regular hexagons (globally �lling the domain

on a hexagonal lattice), planar hexagon pulses, and localised hexagon patches. Examples of

planar hexagon pulses are shown in Figure 1.19. Both fronts have different orientations with

respect to a hexagonal pattern lattice, and therefore have different front con�gurations where

the hexagonal pattern evolves to the �at state. Planar hexagonal pulses can be expressed via

the Bravais–Miller index,h10i for the left panel in Figure 1.19, andh11i for the panel on the

right (see Lloyd et al. 2008 for a detailed de�nition of the Bravais–Miller index notation). Us-

ing continuation techniques, the solutions branches for planar hexagonal pulses and localised

hexagonal patches were plotted on the bifurcation diagram for a range of parameter values. The

snaking behaviour along the solution branches (as described above and shown in Figure 1.17)

was present for each type solution. It was found that the orientation of the planar hexagonal

pulse solutions has a signi�cant effect on the location of the fold limits (analogous torP 1 and

rP 2 in Figure 1.17).

An example of the snaking region on the bifurcation diagram for the localised hexagonal
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Figure 1.20: Close up of the bifurcation diagram (middle panel) for equation (9) for� = 1 :6. TheL 2-norm (y-

axis) is calculated inu and plotted against the bifurcation parameter,� , showing the solution branch for localised

hexagonal patches. Stable (unstable) solutions are represented by solid (dashed) lines. Panels 1–4 show solution

pro�les at the corresponding locations of the branch shown in the middle panel. The vertical lines correspond

to the fold limits de�ning the snaking region for planar hexagon pulses; the leftmost vertical line,� = 0 :267,

corresponds to the fold limits of ah10i hexagonal pulse solution with the middle and rightmost vertical lines,

� = 0 :2964and� = 0 :3364, corresponding to the fold limits of ah11i planar hexagon pulse solution. Image

from Lloyd et al. (2008).

patches found in Lloyd et al. (2008) is shown in Figure 1.20. As with previous examples,

the localised solutions lose and regain stability at sadde–nodes. The snaking behaviour was

found to be qualitatively different to the other patterns explored in that three fold limits were

observed (as opposed to two for planar hexagon pulses). Interestingly, the fold limits of the

localised hexagonal patches seemed to initially align with the fold limits of the planar hexag-

onal pulses depending on how the front of the localised hexagonal patches developed. It was

suggested that this observation may contribute to an explanation of how hexagon patterns grow,

where growth of localised hexagonal patches refers to the adding of peaks around the localised

solution to form an outer ring of peaks around the localised patch, as is shown by the evolution

in panels 1–4 in Figure 1.20. Note that the location of the localised branch for the patterns in

panel 1 and 4 almost align with the fold limit of theh10i planar hexagonal pulse and the inter-

mediate stages, panels 2 and 3, almost align with theh11i planar hexagonal pulse. However, an

overall mechanism to explain the growth of hexagon patterns has not yet been identi�ed. It was

shown that further along the localised branch, the evolution of localised hexagonal patches be-

comes more complicated and “self-interaction” of the bifurcation curve can occur where peaks

are lost at the corners of the hexagonal patches as the solution develops. This could indicate that
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